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1. Is it true that for 𝑎, 𝑏 ≥ 0 and 𝑓, 𝑔 ≥ 0 we have

‖𝑎𝑓 + 𝑏𝑔‖𝐿𝑝(ℝ𝑑) = 𝑎‖𝑓‖𝐿𝑝(ℝ𝑑) + 𝑏‖𝑔‖𝐿𝑝(ℝ𝑑)?

Solution: No, only for 𝑝 = 1 or for 𝑔 = 0. But it remains true as an inequality for all 1 ≤ 𝑝 ≤ ∞.

2. Is it true that for 𝐹,𝐸 disjoint we have

‖𝑓‖𝐿𝑝(𝐸∪𝐹) = ‖𝑓‖𝐿𝑝(𝐸) + ‖𝑓‖𝐿𝑝(𝐹)?

Solution: No, only for 𝑝 = 1.

3. Is it true for 0 ≤ 𝑓 ≤ 𝑔 that ‖𝑓‖𝐿𝑝(ℝ𝑑) ≤ ‖𝑔‖𝐿𝑝(ℝ𝑑)?

Solution: Yes.

4. Does ‖𝑓‖𝐿𝑝(ℝ𝑑) = 0 imply 𝑓 = 0 everywhere?

Solution: No, only almost everywhere.

5. What is another way to write ‖𝑓‖𝐿∞(ℝ𝑑) if 𝑓 ∶ ℝ𝑑 → ℝ is continuous?

Solution: If 𝑓 is continuous then ‖𝑓‖𝐿∞(ℝ𝑑) = sup𝑥 |𝑓(𝑥).

6. If 𝐸 ⊂ ℝ2 is ℒ2-measurable, is it true that for each 𝑥 ∈ ℝ the set 𝐸𝑥 = {𝑦 ∈ ℝ ∶ (𝑥, 𝑦) ∈ 𝐸} is
ℒ1-measurable?

Solution: No (assuming AC). For example take a nonmeasurable set 𝑆 ⊂ [0, 1] and set 𝐸 = {(0, 𝑦) ∶
𝑦 ∈ 𝑆}. Then ℒ2(𝐸) = 0 and thus 𝐸 is ℒ2-measurable, but 𝐸0 = 𝑆 is not ℒ1-measurable.
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7. If 𝑓 ∶ ℝ2 → [−∞,∞] is ℒ2-integrable, is it true that for every 𝑥 ∈ ℝ the function 𝑦 ↦ 𝑓(𝑥, 𝑦) is
ℒ1-integrable?

Solution: No, only for ℒ1-almost every 𝑥 ∈ ℝ. For example 𝑓 = ∞ ⋅ (1{0}×[1,2] − 1{0}×[−1,0] has
∫𝑓 dℒ2 = 0 but 𝑦 ↦ 𝑓(0, 𝑦) is not ℒ1-integrable.
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