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1. Does Lebesgue outer measure assign a number to every subset £ C R?? Does this number always
represent a reasonable notion of volume of the set?

Solution: Yes, Lebesgue outer measure assigns a number to every subset E C R?. However, for it
to be a reasonable notion of volume, it should be countably additive, or at least additive. At this
point we do not know if this is the case. In fact, we will later see in 77 that Lebesgue outer measuer
is not countably additive if we assume the axiom of choice.

2. Let (,M,p) be a measure space. Is it true for all A,B € M with AN B = () that u, (AU B) =
p(A) + 1 (B)?

Solution: Yes, by definition.

3. What is the relation between outer measures and measures?

Solution: An outer measure restricted to its Caratheodory measurable sets is a measure. There
might be very few of those sets though, and an outer measure might not be a measure on 2.

4. Does d(z,y) = \/|z — y| define a metric on R?

Solution: Yes, since for a,b > 0 we have (v/a + vb)? = a + b+ 2\/avb > (vVa + b)%.

5. Let p, be a metric outer measure. Is it true for all Borel sets B that u,(B) < 0o?

Solution: No, Borel sets B are measurable but might have infinite measure.

6. Let @, P be dyadic cubes. What are the options of sets that P N @ can be?

Solution: @, P and 0.




7. Does for any Borel set B exist an open set U D B with £(U) = £(B)?

Solution: No, for example take B = {0}.
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