ICTP Real Analysis 2025 Total:

Julian Weigt Exercise 6
October 21, 2025 Due: Thursday, 2025-10-23 /16
1. Find an example of a sequence of functions f;, fs,... : (0,1) — [0, 00] such that for every

x € (0,1) we have lim fn(z) =0, but j(10 ) fn d€ does not converge to 0 = j(jo ,,0dL.
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2. Let f: Q — [—00,00] be measurable and assume that there exists a 1 < p < oo such that
I £l Lo (2,20, < 00. Show, that

n—00

,,ILI{}O [ le @0 = 1l @.000)-

Note, that || f[ ;= (q,»¢,,) may be infinite.

You receive partial points if you prove it under the assumption p(£2) < oo. (In this case we
do not need the assumption that there exists a 1 < p < oo such that HfHLp(Q’M’”) < 00.)

Hint: First consider functions of the form alg, and then compare f with such functions.

3. Let a,b € R with a < b and C > 0. Recall one definition of the Riemann integral of a
bounded function f : [a,b] — [0,C]. We say that a finite set P = {x,...,z,} is a partition
ifa =2y <..<x, =0 Given such a partition P define their lower and upper Riemann
sums as

Rp(f) =) (@, —x,y) f  fl@), Rp(f)= (r,—w,q) sup f(z).

n n
T, 1 <z<T, —1 x,, <z<z,

k=1 k

We say that f is Riemann-integrable if
sup Rp(f) = inf Rp(f)
P P

in which case, we define this value to be its Riemann-integral R (f).
Let f : [a,b] — [0,C] be Riemann integrable.

(a) Given partition P = {z, ..., x,,} denote their associated lower and upper step functions
by

ﬁp(f) = Z 1[1771,1,;6”) inf f(x>? §P<f) = Z l[xn,l,wn) sup f(ﬂl‘)

n
@, g <r<z, —

=1 =1 T, 1 <T<T,,
Show, that for P C @ we have
S,(F) < So(), Sp(f) = So(f).
(b) Use to show that there exists a sequence of P, C P, C ... of nested partitions
with
lim R, (f) = lim ®p (f) = R().
(c) Show, that with P, from , that for every a < x < b the limits
f(@) = lim Sp (f)(x), f(a):= lim Sp (f)(@)
exist, with

flz) < f(z) < f(x),

and show that f and f are Lebesgue integrable with
/idﬁz /?dﬁzﬂ(f).
(d) Use in order to conclude that f is measurable and Lebesgue inte-

grable with
[ rac ==,

/3
/4

/2

/3

/2

/2



