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1. /3Find an example of a sequence of functions 𝑓1, 𝑓2, … ∶ (0, 1) → [0, ∞] such that for every

𝑥 ∈ (0, 1) we have lim𝑛→∞ 𝑓𝑛(𝑥) = 0, but ∫(0,1) 𝑓𝑛 dℒ does not converge to 0 = ∫(0,1) 0 dℒ.

2. /4Let 𝑓 ∶ Ω → [−∞, ∞] be measurable and assume that there exists a 1 ≤ 𝑝 < ∞ such that
‖𝑓‖𝐿𝑝(Ω,ℳ,𝜇) < ∞. Show, that

lim
𝑝→∞

‖𝑓‖𝐿𝑝(Ω,ℳ,𝜇) = ‖𝑓‖𝐿∞(Ω,ℳ,𝜇).

Note, that ‖𝑓‖𝐿∞(Ω,ℳ,𝜇) may be infinite.
You receive partial points if you prove it under the assumption 𝜇(Ω) < ∞. (In this case we
do not need the assumption that there exists a 1 ≤ 𝑝 < ∞ such that ‖𝑓‖𝐿𝑝(Ω,ℳ,𝜇) < ∞.)
Hint: First consider functions of the form 𝑎1𝐸, and then compare 𝑓 with such functions.

Solution: Abbreviate 𝜆 ∶= ‖𝑓‖∞. If 𝜆 = 0 then for almost every 𝑥 ∈ Ω we have
𝑓(𝑥) = 0 and thus also ‖𝑓‖𝑝 = 0, so it remains to consider 𝜆 > 0.
We prove the equality as two inequalities. First we prove ”≥”. To that end let 𝑡 < 𝜆
and set 𝐴 = {𝑥 ∈ Ω ∶ |𝑓(𝑥)| > 𝑡}. Then 𝜇(𝐴) > 0. Thus, for 𝑡1𝐴 we have

‖𝑓‖𝑝 ≥ ‖𝑡1𝐴‖𝑝 = 𝑡𝜇(𝐴) 1
𝑝 → 𝑡

as 𝑝 → ∞. Since 𝑡 was arbitrary this implies lim inf𝑝→∞ ‖𝑓‖𝑝 ≥ ‖𝑓‖∞.
It remains to prove ”≤”. If 𝜆 = ∞ this is immediate and it remains to consider the
case 0 < 𝜆 < ∞. Set 𝐴 = {𝑥 ∈ Ω ∶ |𝑓(𝑥)| > 𝜆/2}. By assumption there exists a 𝑝 < ∞
with ‖𝑓‖𝑝 < ∞. Since 𝜆 > 0 this implies 𝜇(𝐴) < ∞. Then

lim
𝑞→∞

‖𝜆1𝐴‖𝑞 = lim
𝑞→∞

𝜆𝜇(𝐴) 1
𝑞 = 𝜆.

Therefore,

lim
𝑞→∞

1
‖𝜆1𝐴‖𝑞

𝑞
∫

Ω∖𝐴
|𝑓|𝑞 d𝜇 = lim

𝑞→∞
1
𝜆𝑞 ∫

Ω∖𝐴
|𝑓|𝑞 d𝜇 ≤ lim

𝑞→∞
1
𝜆𝑞 (𝜆/2)𝑞−𝑝 ∫

Ω∖𝐴
|𝑓|𝑝 d𝜇

≤ lim
𝑞→∞

1
2𝑞−𝑝

1
𝜆𝑝 ‖𝑓‖𝑝

𝑝 = 0.

Thus, for

𝑔(𝑥) = {𝜆 𝑥 ∈ 𝐴
|𝑓(𝑥)| 𝑥 ∉ 𝐴

we have

‖𝑔‖𝑞
‖𝜆1𝐴‖𝑞

= 1
‖𝜆1𝐴‖𝑞

(∫
Ω∖𝐴

|𝑓|𝑞 d𝜇 + ‖𝜆1𝐴‖𝑞
𝑞)

1
𝑞 = ( 1

‖𝜆1𝐴‖𝑞
𝑞

∫
Ω∖𝐴

|𝑓|𝑞 d𝜇 + 1)
1
𝑞 → 1

as 𝑞 → ∞ by the above arguments, which implies ‖𝑔‖𝑞 → 𝜆. Since for almost every
𝑥 ∈ Ω we have 0 ≤ |𝑓(𝑥)| ≤ 𝑔(𝑥) ≤ 𝜆 which implies

lim sup
𝑝→∞

‖𝑓‖𝑝 ≤ lim sup
𝑝→∞

‖𝑔‖𝑝 ≤ ‖𝑓‖∞.

3. Let 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏 and 𝐶 > 0. Recall one definition of the Riemann integral of a
bounded function 𝑓 ∶ [𝑎, 𝑏] → [0, 𝐶]. We say that a finite set 𝑃 = {𝑥0, …, 𝑥𝑛} is a partition



if 𝑎 = 𝑥0 < … < 𝑥𝑛 = 𝑏. Given such a partition 𝑃 define their lower and upper Riemann
sums as

ℛ𝑃 (𝑓) =
𝑛

∑
𝑘=1

(𝑥𝑛 − 𝑥𝑛−1) inf
𝑥𝑛−1≤𝑥<𝑥𝑛

𝑓(𝑥), ℛ𝑃 (𝑓) =
𝑛

∑
𝑘=1

(𝑥𝑛 − 𝑥𝑛−1) sup
𝑥𝑛−1≤𝑥<𝑥𝑛

𝑓(𝑥).

We say that 𝑓 is Riemann-integrable if

sup
𝑃

ℛ𝑃 (𝑓) = inf
𝑃

ℛ𝑃 (𝑓)

in which case, we define this value to be its Riemann-integral ℛ(𝑓).
Let 𝑓 ∶ [𝑎, 𝑏] → [0, 𝐶] be Riemann integrable.
(a) /2Given partition 𝑃 = {𝑥0, …, 𝑥𝑛} denote their associated lower and upper step functions

by

𝑆𝑃 (𝑓) =
𝑛

∑
𝑘=1

1[𝑥𝑛−1,𝑥𝑛) inf
𝑥𝑛−1≤𝑥<𝑥𝑛

𝑓(𝑥), 𝑆𝑃 (𝑓) =
𝑛

∑
𝑘=1

1[𝑥𝑛−1,𝑥𝑛) sup
𝑥𝑛−1≤𝑥<𝑥𝑛

𝑓(𝑥).

Show, that for 𝑃 ⊂ 𝑄 we have

𝑆𝑃 (𝑓) ≤ 𝑆𝑄(𝑓), 𝑆𝑃 (𝑓) ≥ 𝑆𝑄(𝑓).

(b) /3Use part (a) to show that there exists a sequence of 𝑃1 ⊂ 𝑃2 ⊂ … of nested partitions
with

lim
𝑛→∞

ℛ𝑃𝑛
(𝑓) = lim

𝑛→∞
ℛ𝑃𝑛

(𝑓) = ℛ(𝑓).

(c) /2Show, that with 𝑃𝑛 from part (b), that for every 𝑎 ≤ 𝑥 ≤ 𝑏 the limits

𝑓(𝑥) ≔ lim
𝑛→∞

𝑆𝑃𝑛
(𝑓)(𝑥), 𝑓(𝑥) ≔ lim

𝑛→∞
𝑆𝑃𝑛

(𝑓)(𝑥)

exist, with
𝑓(𝑥) ≤ 𝑓(𝑥) ≤ 𝑓(𝑥),

and show that 𝑓 and 𝑓 are Lebesgue integrable with

∫ 𝑓 dℒ = ∫ 𝑓 dℒ = ℛ(𝑓).

(d) /2Use Theorem 2.1.9 (v) in order to conclude that 𝑓 is measurable and Lebesgue inte-
grable with

∫ 𝑓 dℒ = ℛ(𝑓).


