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1. Let (Ω, ℳ, 𝜇) be a measure space with 𝜇(Ω) < ∞ and let 1 ≤ 𝑝 ≤ ∞. For any 𝜇-measurable

𝑓 ∶ Ω → [0, ∞] define

‖𝑓‖𝐿𝑝(Ω,ℳ,𝜇) = (∫ 𝑓𝑝 d𝜇)
1
𝑝 , 1 ≤ 𝑝 < ∞,

‖𝑓‖𝐿∞(Ω,ℳ,𝜇) = inf{𝜆 ≥ 0 ∶ 𝜇({𝑓 > 𝜆}) = 0} .

For 1 ≤ 𝑝 ≤ ∞ let 𝑝′ = 𝑝
𝑝−1 so that 1

𝑝 + 1
𝑝′ = 1, where 1′ = ∞ and ∞′ = 1.

(a) /1Prove homogeneity: For any 𝑎 ≥ 0 we have ‖𝑎𝑓‖𝐿𝑝(Ω,𝜇) = 𝑎‖𝑓‖𝐿𝑝(Ω,𝜇).

(b) /3Prove Young’s inequality: For 1 < 𝑝 < ∞ and any 𝑎, 𝑏 ≥ 0 we have

𝑎𝑏 ≤ 𝑎𝑝

𝑝 + 𝑏𝑝′

𝑝′ .

Hint: First reduce to the case that 𝑎𝑏 = 1.
(c) /3Conclude Hölder’s inequality: For 1 ≤ 𝑝 ≤ ∞ and any 𝑓, 𝑔 ∶ Ω → [0, ∞] we have

‖𝑓𝑔‖𝐿1(Ω,𝜇) ≤ ‖𝑓‖𝐿𝑝(Ω,𝜇)‖𝑔‖𝐿𝑝′ (Ω,𝜇).

Hint: First reduce to the case that ‖𝑓‖𝐿𝑝(Ω,𝜇) = ‖𝑔‖𝐿𝑝′ (Ω,𝜇) = 1.
(d) /4Conclude the triangle inequality: For 1 ≤ 𝑝 ≤ ∞ and any 𝑓, 𝑔 ∈ 𝐿𝑝(Ω, ℳ, 𝜇) we

have
‖𝑓 + 𝑔‖𝐿𝑝(Ω,𝜇) ≤ ‖𝑓‖𝐿𝑝(Ω,𝜇) + ‖𝑔‖𝐿𝑝(Ω,𝜇)

Hint: For 𝑝 < ∞ factor (𝑓(𝑥) + 𝑔(𝑥))𝑝 = 𝑓(𝑥)(𝑓(𝑥) + 𝑔(𝑥))𝑝−1 + 𝑔(𝑥)(𝑓(𝑥) + 𝑔(𝑥))𝑝−1

and apply Hölder’s inequality.
(e) /1Find a measurable 𝑓 ∶ ℝ𝑑 → [0, ∞] that is not zero everywhere but with ‖𝑓‖𝐿𝑝(ℝ𝑑,ℒ) = 0.

Remark. Homogeneity and the triangle inequality make ‖ ⋅ ‖𝐿𝑝(ℝ𝑑,ℒ a seminorm. Part (e)
shows that it is not a norm. But we can make it a norm by considering equivalence classes
instead, see the lecture notes.
(To be precise, a norm is defined on a vector space, and the set of all nonnegative functions
is not a linear space. However, all results that we have proven here directly extend to
general integrable functions, which are a vector space.)

2. Prove Proposition 2.1.17 for Ω = ℝ𝑑 and 𝜇 = ℒ: Let 𝑓 ∶ ℝ𝑑 → [0, ∞] with ∫ 𝑓 dℒ < ∞ and
let 𝜀 > 0.
(a) /3Show, that there exists a measurable set 𝐵 ⊂ ℝ𝑑 with ℒ(𝐵) < ∞ such that

∫
ℝ𝑑∖𝐵

𝑓 dℒ < 𝜀.

Hint: Use the monotone convergence theorem applied to appropriate restrictions of 𝑓.
(b) /4Show, that there exists a 𝛿 > 0 such that for all measurable 𝐸 ⊂ ℝ𝑑 with ℒ(𝐸) < 𝛿

we have
∫

𝐸
𝑓 dℒ < 𝜀.

Hint: Find 𝜆 ≥ 0 such that ℒ({𝑓 > 𝜆}) < 𝛿 and prove the result for 𝑓1{𝑓>𝜆} and
𝑓1{𝑓≤𝜆} separately.


