ICTP Real Analysis 2025 Total:
Julian Weigt Exercise 5
October 11, 2025 Due: Thursday, 2025-10-16 /19

1. Let (2, M, u) be a measure space with x(2) < oo and let 1 < p < co. For any p-measurable
f:9 —[0,00] define

1

loviaem = ([ 740)", 1<p<o,
Il = EA > 02 ({7 > ) = 0}

Forlgpgooletp’:ﬁsothat%—i—izl,wherel’:ooandoo’:l.

(a) Prove homogeneity: For any a > 0 we have |af| s ) = al fllLr .-

(b) Prove Young’s inequality: For 1 < p < co and any a,b > 0 we have

a? b
p p
Hint: First reduce to the case that ab = 1.

(¢) Conclude Holder’s inequality: For 1 <p < oo and any f,g: Q — [0, 00] we have
1f gl < 1l mlgl e @ -

Hint: First reduce to the case that | fl| 1o ) = 1911 @) = 1-

(d) Conclude the triangle inequality: For 1 < p < oo and any f,g € LP(Q, M, u) we
have

If +9lle@, < 1flee,p + 19l L@
Hint: For p < oo factor (f(z) + g(x))? = £(2)(F(z) + g(2))?" + g(2)(f(z) + g(z))P "
and apply Holder’s inequality.
(e) Find ameasurable f : R? — [0, 0o] that is not zero everywhere but with £l e e, c) = 0.
Remark. Homogeneity and the triangle inequality make | - || Lr(Rd,¢ & Seminorm.

shows that it is not a norm. But we can make it a norm by considering equivalence classes
instead, see the lecture notes.

(To be precise, a norm is defined on a vector space, and the set of all nonnegative functions
is not a linear space. However, all results that we have proven here directly extend to
general integrable functions, which are a vector space.)

2. Prove [Proposition 2.1.17| for @ =R? and = £: Let f: R? — [0,00] with [ fd< < oo and
let € > 0.

(a) Show, that there exists a measurable set B C R? with £(B) < oo such that

fdl <e.
RI\B

Hint: Use the monotone convergence theorem applied to appropriate restrictions of f.

(b) Show, that there exists a § > 0 such that for all measurable E C R? with £(E) < §
we have
/ fd< <e.
E

Hint: Find A > 0 such that L({f > A}) < & and prove the result for fl;. 5, and
flis<xy separately.
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