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1. Recall, that £, : 2R [0, 0] denotes Lebesgue outer measure. Let M be a o-algebra
such that £, as a map £, : M — [0,00] is a measure. Show, that all A € M are in fact
L -measurable, i.e. every A € M satisfies the Caratheodory criterion.

Hint: In order to show that for all A € M and B C R? we have
L, (B)> L. (BNA)+ £,(B\ A),
use that by Question 1 part 1 of exercise sheet 3, if £,(B) < oo then there exists an open

set U D B with £,(U) < £,(B) +¢.

This exercise is false. For a counterexample (assuming AC) take a nonmeasurable set
and the o-algebra M = {0}, E,R\ E,R}.

However, it remains true if there are Caratheodory-measurable Ey, E,, ... € M with £(E,)) <
cand R¥ = E,UE,U ...

Solution: Let n € N and let A € M with A C E,,. For k € N recall that Q,, denotes
the set of dyadic cubes with sidelength 27%. For Q € Q, denote by (1 —£)Q the cube
with the same center but sidelength (1—¢)27%. Then since £, is a metric outer measure

we have
(U -9QnE,) =Y £(1-2QnE,)
Qe QeQ;
<Y L((1-9)QNA) + £,(1-2)QNE, N\ A)
QEeQ;
:z*( U (176)Q0A>+£*( U (1—5)Q0En\A)
QeQ;, QeQ,,

< £,(A) + £.(B,\ A) = £,(B,).

Taking the limit ¢ — 0, by outer measure continuity of Lebesgue outer measure the
first term tends to £(E,)) and all the inequalities become equalities. In particular we

get

Y £QNE,) =) £(QNA)+L(QNE,NA).

QeQ QeQ
Since for each Q € 9, we have L(QNE,) < £,(QNA)+ £, (QNE,\ A) this means
in fact

£(QNE,) = £,(QNA)+£(QNE, N\ A).

Next, we show that A satisfies the Caratheodory criterion. To that end it suffices to
consider B C R? with £,(B) < co. Let € > 0. Then there exists an open set U O B
with £, (U) < £,(B) +¢. We can tile U by a set Q of disjoint dyadic cubes. By the
previous argument we can conclude

£(B)+e> > £.(Q) =) £(QNE,) +L(Q\E,)

QecQ QeQ
=) £.(QNA)+L(QNE,\NA) +L.(Q\E,)
QeQ

> L (UNA)+ £,(UNE A+ £,(UNE,)
> £,(BNA)+ £,(B\ A).

We finish the proof by letting ¢ — 0.




Finally, let A € M. Then A = Une[N AN E,. Then by the previous case we have that
AN E, satisfies the Caratheodory criterion. Since sets that satisfy the Caratheodory
criterion are a o-algebra we can conclude that also A satisfies the Caratheodory crite-
rion.

2. Prove : Let f: Q — [—00,00]. Show, that each of the following are equivalent

to f being measurable.

(a) For every a € R the set {f > a} is measurable.

(b) For every a € R the set {f < a} is measurable.

(¢) The function —f is measurable.
If f:Q — (—00,00) then measurability is also equivalent to each of the following:

(d) For every a,b € R the set {a < f < b} is measurable. Equivalently we can replace <
by < in either instance, but you don’t need to show it.

(e) For every open U C R the set f~1(U) is measurable.
(f) For every closed C' C R the set f~1(C) is measurable.
(g) For every Borel B C R the set f~!(B) is measurable.

The latter also apply to functions f :  — [—00,00] if in addition we require f~!({—oc})
and f~!({co}) to be measurable, but you don’t need to show it.

Solution: For every a € R we have {f > a} = Q\ {f < a}. That means {f > a} is
measurable if and only if {f < a} is measurable. This proves [i).

This follows from the fact that measurable sets are a o algebra, and

{(fzay=0\{f<a}, {f>a}=J{f=a+1/n}, {f<a}=Q\{f>a}.

neN

. Show : Let fi, fg, ... : @ — [—00, 0] be measurable. Show, that the following

functions are measurable
(a) x> inf, f,(z)

(b

(c

(d) If (f,), converges pointwise, then x > lim,, f, () is measurable.

. Show : Let f : © — (—o0,00) be measurable and g : R — R be continuous.

Then g o f is measurable.

. Show : Let p be a complete measure and let f,g: Q@ — [—o0, 00] such that f

is measurable and f(z) = g(x) for u-almost every x. Show, that ¢ is y-measurable.

x = limsup, f, (z)

)
) = liminf, f, (z)
)

/1
/1
/1

/2
/2

n
/2

/1
/2
n
!
/2

/2



