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1. Prove what remains to be proven of Proposition 1.2.18:

(a) /2Show, that for every 𝐸 ⊂ ℝ𝑑 we have

ℒ∗(𝐸) = inf{ℒ(𝑈) ∶ 𝑈 ⊂ ℝ𝑑 open, 𝐸 ⊂ 𝑈}.
Hint: Use Exercise 2, Question 1.

(b) /3If 𝐸 is measurable then for every 𝜀 > 0 exists an open set 𝑈 ⊃ 𝐸 with

ℒ∗(𝑈 ∖ 𝐸) < 𝜀.
Hint: Show this first for 𝐸 restricted to an annulus 𝐴𝑛 = 𝐵(0, 𝑛) ∖ 𝐵(0, 𝑛 − 1), and
then use ℝ𝑑 = 𝐴1 ∪ 𝐴2 ∪ ….

(c) /3Show, that for every 𝐸 ⊂ ℝ𝑑 exists a Borel set 𝐵 ⊃ 𝐸 such that

ℒ∗(𝐸) = ℒ(𝐵).
If 𝐸 ⊂ ℝ𝑑 is measurable then there exists a Borel set 𝐵 ⊃ 𝐸 such that

ℒ∗(𝐵 ∖ 𝐸) = 0.
(d) /2Show, that for every measurable 𝐸 ⊂ ℝ𝑑 exists a Borel set 𝐵 ⊂ 𝐸 such that

ℒ(𝐸 ∖ 𝐵) = 0.
(e) /2Show, that if 𝐸 is Lebesgue measurable with ℒ(𝐸) < ∞ then for every 𝜀 > 0 exists a

finite collection 𝒬 of disjoint dyadic cubes with

ℒ(𝐸Δ ⋃ 𝒬) < 𝜀.
Hint: Use Fact 1.2.17.

2. Given a metric space Ω, show, that each of the following 𝜎-algebras are equal to the Borel
𝜎-algebra.
(a) /1The smallest 𝜎-algebra that contains all closed sets.
(b) /2For Ω = ℝ𝑑 the smallest 𝜎-algebra that contains all compact sets.
(c) /3For Ω = ℝ𝑑 the smallest 𝜎-algebra that contains all balls 𝐵(𝑥, 𝑟) with 𝑥 ∈ ℚ𝑑 and

𝑟 ∈ ℚ.
Note, that this means the Borel 𝜎-algebra can be generated by a countable set.

3. Consider the following set functions 𝜇 ∶ 2ℝ → [0, ∞]. Which of those is a measure on 2ℝ?
Which of those is an outer measure on ℝ? For an outer measure, which are the measurable
sets? Prove your answers.
(a) /2

𝜇(𝐴) = {0 𝐴 is countable
1 𝐴 is uncountable

(b) /2

𝜇(𝐴) = {0 𝐴 is countable
∞ 𝐴 is uncountable

(c) /2for a fixed 𝑥 ∈ ℝ,

𝜇(𝐴) = 𝛿𝑥(𝐴) = {1 𝑥 ∈ 𝐴
0 𝑥 ∉ 𝐴

(d) /2
𝜇(𝐴) = #𝐴,

the number of elements in 𝐴.


