ICTP Real Analysis 2025 Total:
Julian Weigt Exercise 3
September 25, 2025 Due: Thursday, 2025-10-02 /26

1. Prove what remains to be proven of IProposition 1.2.1d:
(a) Show, that for every E C R? we have

L, (E) =inf{£(U): U C R? open, E C U}.
Hint: Use Ezercise 2, Question 1.
(b) If F is measurable then for every € > 0 exists an open set U D E with
L,(U\NE)<e.

Hint: Show this first for E restricted to an annulus A, = B(0,n) \ B(0,n — 1), and
then use R? = A; U Ay U ...

(c) Show, that for every E C R? exists a Borel set B D F such that
L.(E) = £(B).

*

If E C R? is measurable then there exists a Borel set B O F such that
L. (B\E)=0.
(d) Show, that for every measurable E C R? exists a Borel set B C E such that
L(E\ B) =0.

(e) Show, that if E' is Lebesgue measurable with £(E) < oo then for every ¢ > 0 exists a
finite collection Q of disjoint dyadic cubes with

L(EA| Q) <e.

Hint: Use .

2. Given a metric space (2, show, that each of the following o-algebras are equal to the Borel
o-algebra.

(a) The smallest o-algebra that contains all closed sets.

(b) For © = R? the smallest o-algebra that contains all compact sets.

(c) For Q = R the smallest o-algebra that contains all balls B(z,r) with z € Q% and
reqQ.

Note, that this means the Borel o-algebra can be generated by a countable set.

3. Consider the following set functions p : 28 — [0,00]. Which of those is a measure on 28?
Which of those is an outer measure on R? For an outer measure, which are the measurable
sets? Prove your answers.

(a)

0 A is countable
WA) = .
1 A is uncountable

(b)
0 A is countable
oo A is uncountable

(c) for a fixed z € R,

1 ze€ A
M(A)=5£(A)={O e
(d)
W(A) = #A,

the number of elements in A.
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