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1. /2Let 𝐸 ⊂ ℝ𝑑 be countable. Show, that ℒ∗(𝐸) = 0.
2. /4Let 𝑄 ⊂ ℝ𝑑 be a cube. Show, that ℒ∗(𝜕 𝑄) = 0. Only consider the case 𝑑 = 2.

3. /4Find a set Ω and an outer measure 𝜇∗ on Ω such that there exist disjoint 𝐴, 𝐵 ⊂ Ω with
𝜇∗(𝐴 ∪ 𝐵) ≠ 𝜇∗(𝐴) + 𝜇∗(𝐵).
Hint: An example already exists with a finite set Ω, i.e. #Ω < ∞.

4. (a) /2Let 𝜇∗ be an outer measure on Ω and let 𝐴 ⊂ Ω. Show, that the map 𝜇𝐴
∗ ∶ 2Ω → [0, ∞]

given by 𝜇𝐴
∗ (𝐸) = 𝜇∗(𝐴 ∩ 𝐸) is an outer measure.

(b) /2Let (Ω, ℳ, 𝜇) be a measure space and let 𝐴 ∈ ℳ. Show, that the map 𝜇𝐴 ∶ ℳ → [0, ∞]
given by 𝜇𝐴(𝐸) = 𝜇(𝐴 ∩ 𝐸) is a measure.

5. /4Let 𝜇∗ be an outer measure on Ω and let ℳ be a 𝜎-algebra on Ω. Show, that

{(𝐴 ∪ 𝐸) ∖ 𝐹 ∶ 𝐴 ∈ ℳ, 𝐸, 𝐹 ⊂ Ω, 𝜇∗(𝐸) = 𝜇∗(𝐹) = 0}

is a 𝜎-algebra, too.
This 𝜎-algebra is called the completion of ℳ.

6. /4Let Ω be a set and ℳ ⊂ 2Ω. Show, that

⋂{𝒜 ∶ 𝒜 ⊂ 2Ω is a 𝜎-algebra, ℳ ⊂ 𝒜}

is a 𝜎-algebra. Conclude, that the above collection of sets is the smallest 𝜎-algebra that
contains ℳ.


