ICTP Real Analysis 2025 Total:
Julian Weigt Exercise 1
September 16, 2025 Due: Thursday, 2025-09-18 /22

1. Let E C R? be countable. Show, that £,(E) = 0.
2. Let Q C R? be a cube. Show, that £,(0Q) = 0. Only consider the case d = 2.

3. Find a set Q2 and an outer measure p, on €2 such that there exist disjoint A, B C 2 with
1 (AU B) # p,(A) + p.(B).
Hint: An example already exists with a finite set Q, i.e. # < co.

4. (a) Let u, be an outer measure on Q and let A C . Show, that the map pZ* : 22 — [0, oc]
given by pA(E) = u, (AN E) is an outer measure.

(b) Let (Q, M, 1) be a measure space and let A € M. Show, that the map pu : M — [0, o0]
given by p4(E) = u(A N E) is a measure.

5. Let p, be an outer measure on 2 and let M be a o-algebra on 2. Show, that
{{AUEYNF:AeM, E,FCQ, u(FE)=p(F)=0}

is a o-algebra, too.

This o-algebra is called the completion of M.
6. Let © be a set and M C 22, Show, that

ﬂ{/l : A C 2% is a o-algebra, M C A}

is a o-algebra. Conclude, that the above collection of sets is the smallest o-algebra that
contains M.
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