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Fractional Poincaré

Theorem (Bourgain, Brezis, and Mironescu 2002; Maz'ya and

Shaposhnikova 2002; Ponce 2004; Milman 2005)
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inequality.
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With weights

For 0 < av < d the fractional maximal function is
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Theorem (Franchi, Pérez, and Wheeden 2000)
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For 0 < av < d the fractional maximal function is

o an(BGur))
Map() = S0P 2B (e 1))’

Theorem (Franchi, Pérez, and Wheeden 2000)

Let1<q<— Then

1
/lf—folqdﬂ qu/ [VF(x)My—g(d—1)p(x) 7 dx.

@ Constant blows up for g \, 1, but is finite for g = 1.

@ Generalizes Meyers and Ziemer 1977 who consider
w(x) < x|~ which implies My < 1.



Fractional with weights

Theorem (Myyryldinen, Pérez, and Weigt 2023)
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Fractional with weights

Theorem (Myyryldinen, Pérez, and Weigt 2023)

Let0§5<1and1§q§ﬁ. Then

f(x)—f 1
(1-9) // i y’ni};)ld My q(d—s)H(x) 7 dx

@ Hurri-Syrjanen, Javier C. Martinez-Perales, et al. 2022: case
_ d
9= 33
@ Implies Franchi, Pérez, and Wheeden 2000 without blowup at
p— 1

e d—qg(d— ) is optimal.
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Theorem (Myyryldinen, Pérez, and Weigt 2023)
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@ Already proven in Hurri-Syrjanen, Javier C Martinez-Perales,
et al. 2023 but only with extra factor 1 — é.
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Fractional with weights to classical

Theorem (Myyryldinen, Pérez, and Weigt 2023)

Let0 <6 < 1. Then
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@ Already proven in Hurri-Syrjanen, Javier C Martinez-Perales,
et al. 2023 but only with extra factor 1 — é.

@ Can replace My by p if € A;.

@ Since My € A; for general p we can deduce classical weighted
Poincaré

@ Also have version for p > 1.
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Theorem (Myyryldinen, Pérez, and Weigt 2023)
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Counterexample (Myyryldinen, Pérez, and Weigt 2023)

Foranyl<p<n p<g< ’Tp,a:n—%(n—p),and C>0

n

there is a Radon measure y < £ and a Lipschitz function f with

1 1
(f1r=ratran) "> c( [ 197 (ap)? ax)”.
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@ Is also counterexample against weighted fractional p-Poincaré
for ¢ near 1.

@ What about 6 =07
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Theorem (Hurri-Syrjanen, Javier C. Martinez-Perales, et al. 2022)
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€

@ Not optimal for p = 1 by our result.

@ Is there a unified result for all p?
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general measure: replace £ — 1, weigh 791 with M.
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Lemma (Fractional relative isoperimetric inequality)
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Fractional Poincaré

Lemma (Fractional relative isoperimetric inequality)
Let 2> 0 and A C @ with a9 < L£(A) < £(Q)/2. Then
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write LHS in terms of levelsets
insert geometric sum over >, 2—k(1-6) o, _1

1-5
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write LHS in terms of levelsets

insert geometric sum over >°,. 27 k(1=9) ~ L

apply fractional relative isoperimetric inequality with
a~27kI(Q)

evalute integral over levelsets to recover difference quotient
with [x — y| ~ a ~ 27%1(Q), using Fubini and
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