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The Hardy-Littlewood maximal function theorem:
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Question (Hajtasz and Onninen 2004)
Is it true that

VM| 1y < Call V| 11 (rey?



Progress on classical Hardy-Littlewood

d=1 [Tanaka 2002, Aldaz+Pérez Lazaro 2007]
block decreasing f  [Aldaz+Pérez Lazaro 2009]

centered M, d =1 [Kurka 2015]

radial [Luiro 2018]

characteristic f [W 2020]
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maximal function by

M, f(x) = sup r(B)*fg,

B>x

where r(B) is the radius of B. The corresponding bound is
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The version with p > 1 follows the same way as for « = 0 in
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The corresponding bound is
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Progress on related operators

convolution, d =1 [Carneiro+Svaiter 2013]

uncentered fractional, « > 1  [Kinnunen+Saksman 2003,
Carneiro+Madrid 2017]

fractional smooth convolution [Beltran+Ramos-+Saari 2018]

fractional lacunary [Beltran+Ramos+Saari 2018]
convolution, radial [Carneiro+Svaiter 2019]
fractional, radial f [Beltran-+Madrid 2019]
dyadic [W 2020]

fractional [W 2020]

related: Continuity of f — VMf as WH1(RY) — LY(R?) (does
not follow from boundedness), boundedness on other spaces, local
maximal operator.
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1. The Dyadic Maximal Operator

By the coarea formula and {f > A} C {M%f > A} up to measure
zero

var MAf — / HI-L(HDMAF > A})dA
R
< / HITLQ{MAF > AP\ {F > \}) + HI7L(O{f > \})dA

Since

/ HIYA{f > A\})dr =varf
R

it suffices to bound the first summand.
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Definition

Q@ is maximal for A < fq if for all P 2 Q we have fp < .
Given Q, let Ao be the smallest such A.

/ HITHO{MIF > AP\ {F > A})dA

R

_ / HO1 (| J{maximal Q : Fg > A} \ {F > A1) dA
< / > HIHOQ\{F > A} dA

maximal Q:f o>\

/ HIHOQ\ {f > A})dA
R

Q: AQ<AL @

-[( X+ X e\ TEama

R - -
Q:A<A<Ag  Q:Ag<A<fq

where "L(Q N {f > Ag}) =27972L(Q)".
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Low density case

Estimate
> HTHOQ\{f > A})dA
Q:Xo<A<fg
< / S H9Q)da
RQ:XQ<,\<fQ

= (fo—AQH(9Q)
Q

We have to estimate this by var f.
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Relative isoperimetric inequality

For L(Q N E) < L(Q)/2 the relative isoperimetric inequality states
L(QNE)T <HIY(QNIE)

Proposition

(fo —XQ)L(Q / S© L(Pn{f>A})dx

PCQ:Xp<A<fp
where P is maximal above Ap and

L(PN{f>Xp})=271L(P)"
LQN{f > Xo}) =2"972L(Q)"
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2. The fractional maximal operator

Recall 0 < < d and

M, f(x) = sup r(B)*fp.
B>x

Then for almost every x € RY the supremum is attained in some
ball B with x € B. Denote by B, the set of all optimal balls for f.
Want to show

IVMaf||d/(d—a) < Caall V1

Kinnunen and Saksman (2003)

For an optimal ball B for x we have
VM, f(x)| < (d — a)r(B)* fg.

Conclude

IVMof(x)| < sup  r(B)* *fp =M, _1f(x).
BeB., x€B
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Thank you



