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The Hardy-Littlewood maximal function theorem

For f : R” — R the centered Hardy-Littlewood maximal function is
defined by
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Theorem (Hardy-Littlewood maximal function theorem)
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The fractional maximal function theorem

For 0 < a <nand f:R" — R the centered fractional maximal
function is defined by
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Theorem (Fractional maximal function theorem)
Then

For1 < p < n/« denote p, = T’,’p/n-
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The endpoint regularity question

Theorem (Kinnunen 1997, Kinnunen and Saksman 2003)
For p > 1 we have
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Proof: For e € R" by the sublinearity of M¢

M¢ f(x + he) — MS f(x)
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Then by the fractional maximal function theorem for p > 1
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The endpoint regularity question

Question (Hajtasz and Onninen 2004, Carneiro and Madrid 2016)
Is it true that

VMGl 1o gey Sn IVEll2e)?
Uncentered Hardy-Littlewood maximal function

M, f(x) = sup r(B)*fp.
B>x

Endpoint question by Hatjasz and Onninen is interesting for 1\~/1a
and other maximal operators.



In one dimension

Theorem (Tanaka 2002, Aldaz and Pérez Lazaro 2007, Carneiro

and Madrid 2016)
For f : R — R we have
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In one dimension we have

(1)
IVAlL = sup > [f(xit1) — F(x)|
x1<x2<... ;

Mof(x) = max{Mg 4+ f(x), Mo _f(x)}

where

1
Mo,+f(x) = sup / f
r>0r x+r



In one dimension, &« = 0
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IVMof | (o) = IMof (x1) = Mof (x0)| + [Mof (x2) — Mof (1))
< [f(a) = f(x0)l + [f(x2) — f(>a)]
< IV Fll
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Theorem (Kinnunen and Saksman 2003)

Fora>1
VMG (x)] Sn IMg_1f(X)].
Corollary (Carneiro and Madrid 2016)

For a > 1 we have 1, = ;2= = (7%),,_, and ;3 > 1 and
therefore
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Continuity

Stronger property than boundedness:

Operator continuity of M,
f close to g = M,f close to M,g 7

By sublinearity
Maf(x) = Mag(x) < Ma(f — g)(x) + Mag(x) — Mag(x)
and thus

[Maf — Mag||rpa @y < [IMa(f — 8)lloa@n) Snp If — &llLr@n)-



Continuity

However,
[VMaf(x) — VMag(x)| £ [VMa(f — g)(x)].
Nevertheless, [Luiro 2004] proved for p > 1 that
1fn—fllwie@ny =0 = [[VMof, — VMof||1p@n) — 0.

Operator continuity is now known in almost the same cases as
boundedness due to many results by [Beltran, Carneiro,
Gonzélez-Riquelme, Madrid, Pierce,... 2013-].



Previous results

The bound
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is known to hold in the cases

n=1 [Aldaz, Carneiro, Kurka, Madrid, Pérez
Lazaro, Tanaka 2002-2016]

a>1 [Beltran, Carneiro, Madrid, Kinnunen,
Ramos, Saari, Saksman,. . .]

radial f [Beltran, Madrid, Luiro 2017-2019]

lacunary a > 0 [Beltran + Ramos + Saari 2018]

Most fractional results are known both for the centered and
uncentered maximal function.



New results

[VMaf || p1a @y S IV 2 (rey

O<a<n [W.2020]
continuity [Beltran, Gonzalez-Riquelme, Madrid, W. 2021]

Works for both centered and uncentered

Fractional: complete!
New results for & = 0, uncentered maximal function:

characteristic f [W. 2020]
dyadic maximal function  [W. 2020]
cube maximal function  [W. 2021]



Proof strategy

1 < a [Kinnunen + Saksman, Carneiro + Madrid]
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0<

[VMafl| 2 Sn [IMa-1f]l 2 Sna [[VF]1,

Mg,—1 replacement for M,_1 if 0 < a < 1.

apply Kinnunen-Saksman

exploit @ > 0 to separate balls, allowing for Vitali covering
arguments
apply

e relative isoperimetric inequality and

o result used for the cube maximal operator for a = 0.



Kinnunen-Saksman argument
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Separation of balls

With
B, ={B:YC 2B r(C)* ¢ <r(B)fg}
we have
M,f(x) = sup r(B)*fs
xeBeB,,
and define

Mg _1f(x)= sup r(B)* fp

’ xEBEB,

Lemma
For any B, C € B, we have
Q r(B)~r(C)and fg~ fcor

@ (2B) x (fg/2,fg) and (2C) x (fc/2, fc) are disjoint.
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Separation of balls

Lemma
For any B, C € B, we have
Q r(B)~r(C)and fg~ fcor
@ (2B) x (fg/2,fg) and (2C) x (fc/2, fc) are disjoint.

Proof: If B, C € B, with B C 2C then
r(B)*fg > r(2C)%foc > 27 "r(C)*fc.

Thus, if r(B) < r(C) then fg > f . Moreover, if r(B) ~ r(C)
then C C 2B and thus fg ~ f¢.



Using the lemma, by Vitali covering type argument take a subset
B, C B, of which all balls satisfy the disjointness 2, and such that
for all B € B,3C € B, with r(C) ~r(B) and fg ~ fc. Then
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Two cases

Lemma (coarea formula)

IVFllL = /Ooo HOL(O{f > A})dA

Lemma (relative isoperimetric inequality)
Let E C B with L(EN B) < £(B)/2. Then

L(BNE)" 1 <H"Y(BNIE)".
In particular, if L(B) S L(ENB) < L(B)/2 then

H"1(0B) ~ L(B)"*

* ~ L(BNE)S <H™Y(BNOE).

Not too much of 2B x (fg/2,fg) can be occupied by
{(x,t) : t < f(x)}, because otherwise r(2B)*fo5 > r(B)“fp.

Divide the balls in B, (cubes in Q) according to two cases.
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High density case

If much of 2B x (fg/2,fg) is occupied by {(x,t): t < f(x)} then
for a typical fg/2 < XA < fg we have

L(2B) S LRBN{f > \}) < L(2B)/2

and thus by the relative isoperimetric inequality we can conclude

fB fB
f—Banfl(aB) S ’H”fl(ﬁB) dX < ’Hnil(2Bﬂ8{f > )\}) dA.
fg/2 fg/2

Since the 2B x (fg/2, ) are pairwise disjoint we sum over all
B € B, in the high density case and recover by the coarea
formula

fg
> H"L2BNO{f > A})d < | VF|1v
BeBay, fe/2



Low density case

If little of 2B x (fg/2,fg) is occupied by {(x,t) : t < f(x)} the
idea is to bound fgH™ 1(dB) by the part of |[Vf|1 on
2B x (fB, OO)

Proposition

If Q is a low density cube then

fQL(Q) S /fooﬁ(Qﬂ{f>A}) d\






Low density case

If little of 2B x (fg/2,fg) is occupied by {(x,t) : t < f(x)} the
idea is to bound fgH™ 1(dB) by the part of |[Vf|1 on
2B x (fB, OO)

Proposition

If Q is a low density cube then

fQL(Q Nn/f L(PN{f > A})dx

Q PCQ: )\P</\<fp

where P is maximal above Ap and

L(PN{f>Xp})=271L(P)






Low density case

Sum over all Q € Q,, in the low density case and obtain

n—1 L(PNA{f > \})
D FoHH0Q) < /]R dA

QRela Q dyadic PCQ: /\p</\<f,> (@)

change the order of summation, convergence of the geometric sum

<y fe (P {f >} 0
" b dyadic A (P)

apply the relative isoperimetric inequality
d
LPN{f>A})aT SHYPNO{Ff > \}) and coarea formula
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Continuity

Let an - f”Wl,l(Rn) — 0.
@ [Beltran, Carneiro, Gonzélez-Riquelme, Madrid, Pierce,. ..
2013-] have already established that certain parts of VM, f,
converge to the corresponding part of VM, f, such as where

M, averages only over balls with radius bounded from below,
and outside a compact set.

@ Use a local version of [|[VM,f||1, < ||Vf]j1 to control the
remaining part.
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