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Background

For f : R? — R the centered Hardy-Littlewood maximal function is

defined by
M°f(x) = fig fB(x,r) With FB(x,r) = L(B(lx,r)) /B(X’r) |f].
The Hardy-Littlewood maximal function theorem:
||Mcf||LP(Rd) < Cd,prH/_p(Rd) if and only if p>1
Juha Kinnunen (1997):
[VMEF| oray < Ca,pll VE Lowa) if p>1

Question (Hajtasz and Onninen 2004)

Is it true that

IVMF || j2rey < Call V| 1 (ray?
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Proof

For e € R by the sublinearity of M¢
Mef(x + he) — Mf(x)

DeMCF (x)

h
< MU he) = ()
f(-+ he) —f)

_ MC<T)(X) ~ MS(8ef)(x)
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Proof

For e € R by the sublinearity of M¢

N Mef(x + he) — Mf(x)
h
< Me(f(- + l;e) —f)(x)
= MC<W)(X) ~ M¢(9ef)(x)

DeMCF (x)

By the Hardy-Littlewood maximal function theorem for p > 1

VM| pray S IM(IV D Lorey S IVl ooy
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Uncentered maximal operator

For f : R — R the uncentered Hardy-Littlewood maximal
function is defined by

Mf(x) = sup 5.
B>x

The result by Kinnunen also holds for M and various other
maximal operators, and the question by Hatjasz and Onninen is
being investigated.
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Onedimensional case

In 2002 Tanaka proved
var Mf <varf

for f : R — R, but with a factor 2 on the right hand side. In 2007
Aldaz and Pérez Lazaro reduced that factor to the optimal value 1.
They use that in one dimension we have

n—1

varf= sup > |F(xnp1) — Fxa)l.
neN, x1<...<xp i=1

Main ingredient: MF is convex on connected components of
{x € R: Mf(x) > f(x)}.
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var Mf = var(o,x] Mf + var(y, 1] Mf
+ |Mf(x0) — MF(x1)| + [MF(x2) — Mf(x1)]
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Onedimensional case

For the centered maximal function M°f the convexity property
does not hold. Nevertheless,

centered

Kurka proved var M°f < Cvarf for f : R — R in a very involved
paper in 2015.

He did case distinctions with respect to the shape of triples
xo < x1 < xp with M®f(xg) < M°f(x1) > M°f(x2) and a
decomposition in scales.
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Onedimensional case

For radial functions f : RY — R with f(x) = f(|x|) we have
IVl = [ VA ar
0

and also Mf is radial.

In 2018 Luiro used this one-dimensional representation to prove
[VMf || 1 rey < Call V|1 (wey for radial functions f : RY - R.

v

block-decreasing

In 2009 Aldaz and Pérez Lazaro proved
[VMf || 1 (rey < Cal|VFI|1(rey for block-decreasing f : RY = R,

which are to some extent similar to radially decreasing functions.
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Other maximal operators and related questions

fractional maximal operators
convolution operators

local maximal operators
discrete maximal operators

bilinear maximal operators

any combinations of the above
@ bounds on other spaces than Sobolev spaces

related: Continuity of the operator given by f — VMf on
Wh(RY) — LY(RY). This is a stronger property than
boundedness.
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reformulations

varf = SUP{/'(C“V(P “p e Ccl(Rd;Rd)» ol < 1}

= |Vfllarey  if F e WHI(RY).

coarea formula

var f — / HIL(Ax € R : F(x) > A})dA
R

superlevel sets

{Mf > A} ={xeRY: Mf(x) >} = J{B:fs > A}

for uncentered maximal operators.
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Denote
B, ={B:fg>\ LBN{f>A})<L(B)/2}
and Bf accordingly. We split the boundary
o| J{B: fs> A} col JByual JBs. (1)

Since Mf > f a.e. we have {f > A} C {Mf > A} up to measure
zero, and thus

a\(B: fe > A} C (8U{B g > A}) \TF > AT UB{f > AL,
(2)

Plug (1) into (2) and that into the coarea formula

var Mf = /Oo H‘H(a JiB:fs> )\}) A,
0
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Decomposition of the boundary

var Mf 5/ 14 (o B5) ax
0

+/OOOH“((8UB§) \W) A

+varf Vv
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Relative isoperimetric inequality

Ais a John domain if there is a K > 0 and point x € A such that
for any y € A there is a path + from x to y with

dist(y(t), A®) > K72 |y(t) - yl.

Relative isoperimetric inequality

Let A be a John domain and L(AN E) < L(A)/2. Then
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High density case

Corollary: For a ball or cube B with
L(B)/4 < L(BNE)<L(B)/2 we have

HI1(9B) < £(B)T < L(BNE)T < HIY(BNIE).

Proposition (High density)

For L(BN E) > L(B)/2 we have

HI"L(OB\ E) < HI"HBNIE).
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Proof of high density proposition

Idea: Decompose 9B \ E according to distance to significant part
of E. B
For every x € 9B\ E there is an € > 0 with

L(B(x,e) N E) =0,
L(B N B(x,diam(B)) N E) > £(B)/2 = 29" 1£(B(x, diam(B)))

Thus 3r € [e,diam(B)]
L(B(x,r)NE)=2"9"1L(B(x,r))

Let B be the collection of all such balls B(x, r) and apply the
Vitali covering. Let S be the resulting disjoint subset.
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Relative isoperimetric inequality

For each B(x,r) € S the set A= BN B(x,r) is a John domain
and thus satisfies the

relative isoperimetric inequality

min{L(AN E), L(A\ E)} T < HIY(IE N A)

Thus by the choice of r

HIL0B(x,r)) S L(BN B(x,1) T
< HIYIEN BN B(x,r)).

(Proof of first inequality can be made precise.)
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S Vitali covering of B\ E. We can conclude
741 (as \E) — 341 (U BNoB \E) < 3d-1 (UB N as)

=Y (Ussnos) <3 ui (551 o8)
Ses
S HITN05S) S HITH0S)
Ses Ses
<Y HITHOENBNS) <HTHIENB)
Ses

(Proof of fifth step can be made precise.)
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Proof works almost the same as with B = {B} if all balls in B
have the same scale. But we need one extra covering tool from the
next section.
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High density case

Proposition (High density, general version)
Let B be a set of balls B with £L(B N E) > cL(B). Then

H( B\ E) 5. 1o (UBN9E).

| e (U)o an
S /OOOH‘H(UBAZ NO{f > A}) dx

<wvarf.

Proof works almost the same as with B = {B} if all balls in B
have the same scale. But we need one extra covering tool from the
next section. Then we prove a modified version for each scale
separately and add up all scales.
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Low density case

Have to bound

/ Hd‘1(8UB§) A\ < var f,
0
where
By ={B:fg>\ L(BN{f>A})<L(B)/2}.

[ can't (

dyadic maximal operator

Mdf(x) = sup fQ-
®R>5x, Q dyadic

{x:MIf(x) > A} = U{maximal dyadic Q : fg > A} = U o)NUl0)
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Definition

@ is maximal for A < fq if for all P 2 Q we have fp < A. Given
Q, let Ao be the smallest such A.

/RH‘H(aU Qf)dAg/R > HITH9Q)dA

QeQx

= > H1ITH0Q)dA

R .
Q:A@<A<fq

where

So = sup{Aq, sup(A: L(QN{f > Ao} 2271 £(Q) }}
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Definition

@ is maximal for A < fq if for all P 2 Q we have fp < A. Given
Q, let Ao be the smallest such A.

/Hd Yol ex) d>\</ > HIH9Q)d

QeQs
:/ S HH0Q)dA
RQ':\Q<>\<fQ

=> (fo—AQH!1(0Q)
Q

where

o = sup{Aq, sup{A: £(Q N {f > Xo}) 2 27972 £(Q)} ]

>
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Proposition

(fo—AQ)L(Q) S Y. LPN{f>A}dx

PCQ:Ap<A<fp
where P is maximal above \p and

"L(PN{f>Ap}) =2"1L(P)"
"L(QN{f >Xg}) =27972L(Q)"

The proof uses a stopping time argument: Start with @ and then
iteratively descend into all children . Stop if fp < fy(p) OF

fr > Ap. All cubes which don't have a stopping cube as an
ancestor will contribute on the right hand side above.
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S (Fo - XQ)HIL(BQ) < / ST Y L(PA{F > AN dA

Q R Q PCQAp<Afp

= S L(Pn{f>A) D (Q)HdA

Pij\p<>\<fp Q2P

— Yo L(Pn{f>ANIP) T dA
P:Xp<A<fp
< S L(Pn{f>ApT da

P:Xp<A<fp
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Q PCQAp<Afp

SoLPn{f>x) > (Q

P'S\p<>\<fp Q2P

Z L(PNO{f>ANI(P)"LdA

P:Ap<A<fp

Z LIPA{F> AT d)

PXp<A<fp

> HTYPNOLF > A} dA

P:Xp<A<fp



S (Fo - XQ)HIL(BQ) < /R ST Y L(PA{F > AN dA

Q Q PCQAp<Afp

:/ S LPafr> ) Y@

LS Q2P

:/ Z L(PA{F> A} I(P)Ld
R pSp<r<fr

< > LIPA{F> AT d)

RP>\P<>\<fP

< > HTYPNOLF > A} dA

P:Xp<A<fp

R
< / HIHO{F > \})d\ = varf
R



S (Fo - XQ)HIL(BQ) < /R ST Y L(PA{F > AN dA

Q Q PCQAp<Afp

:/ S LPafr> ) Y@

LS Q2P

:/ Z L(PA{F> A} I(P)Ld
R pSp<r<fr

< > LIPA{F> AT d)

RP>\P<>\<fP

< > HTYPNOLF > A} dA

P:Xp<A<fp

R
S/Hd_l(a{f>)\})d/\:varf O
R
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e Summary
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Proposition

Let B be a ball and B be a set of balls C with
diam(C) > K diam(B). Then

e (aUB N B) < (14 K~HI1(88).
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is a Lipschitz graph with constant 1 which thus has perimeter
< diam(B)4~1 ~ H41(9B).
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directions and the result follows.
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ooe

Center B in the origin and let e € 9B(0,1) be a direction. Then
{C(x,r)e B:<(x,e)<e}NB

is a Lipschitz graph with constant 1 which thus has perimeter

< diam(B)?71 ~ H9=1(OB). Take a maximal set of e-separated
directions and the result follows.

Actually this only works if diam(C) > 2diam(B). For

diam(C) > K diam(B) we cover B by ~ K¢ many balls B with
diam(B) = diam(B)/2K, for which we have diam(C) > 2diam(B)
for each C € B. Then do the argument in each B.
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e Summary
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Proposition (High density, general version)

Let B be a set of balls B with L(BN E) > eL(B). Then

H(olB\E) 5. 1o (UBN9E),
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Proposition (High density, general version)
Let B be a set of balls B with L(BN E) > eL(B). Then

H(olB\E) 5. 1o (UBN9E),

Proposition (High density, single scale version)

Let BB be a set of balls B with diam(B) > 1 and L(BNE) > ¢L(B)
and let S be a set of disjoint balls S centered on | J B \ E with
diam(S) <1l and e£L(S) < L(SNUBNE) <(1—¢)L(S). Then

’Hd‘l(8UBﬂ U55\E) <.

o=t ( | {x €S : dist(x,| JB%) > ediam($)} n aE).
Ses

.




Covering Techniques
coeo

Proof of high density, single scale version

S Vitali covering of B\ E. We can conclude
791 (aB \E) — 341 (U BNoB \E) < e (U BN aB)

=H(UssnoB) < Y HH(5S N 9B)
Ses
S HITN05S) S HITH0S)
Ses Ses
<Y HITHIENBNS) <HTHIENB)
Ses
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Proof of high density, single scale version

S Vitali covering of B\ E. We can conclude
791 (aB \E) — 341 (U BNoB \E) < e (U BN aB)

=H(UssnoB) < Y HH(5S N 9B)
Ses
S HITN05S) S HITH0S)
Ses Ses
<Y HITHIENBNS) <HTHIENB)
Ses

(Proof of fifth step can be made precise.)
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Do Vitali covering S of | B\ E but only make the balls in
Sp= {5 €8 :2" <diam(S) < 2"} disjoint.
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Proof of high density, general version

Do Vitali covering S of | B\ E but only make the balls in
Sp={S €8 :2" <diam(S) < 2"} disjoint. Then

H1 (o JB\E)
<> uit (a5 \ E)

neZ
S (| fxe s e < dist(x, | BY) < 27} 0 9F)
n€Z SeS,

< |1 —loge|Hd?! (UBH&E).



Covering Techniques
©00000000000

Dyadic cubes to general cubes

@ History

@ Core Techniques

© Covering Techniques

@ Dyadic cubes to general cubes

e Summary
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Covering Techniques
0@0000000000

Want to show var Mf < var f for Mf(x) = supgs, f @, where the
supremum is taken over all cubes. Proof idea: Do Vitali covering
for the boundary to reduce to dyadic cubes. When statements are
true for balls and cubes we write them down only for balls.

Vitali covering

For any (finite) set of balls B For any (finite) set of balls B, there
is a subset S C B of disjoint balls with

£(UB) s £(s).

Ses
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Want to show var Mf < var f for Mf(x) = supgs, f @, where the
supremum is taken over all cubes. Proof idea: Do Vitali covering
for the boundary to reduce to dyadic cubes. When statements are
true for balls and cubes we write them down only for balls.

Vitali covering

For any (finite) set of balls B For any (finite) set of balls B, there
is a subset S C B of disjoint balls with

£(UB) s £(s).

Ses

For any (finite) set of balls BB, is there a subset S C B of disjoint

balls with

H (o UB) s Do HITH9S)?

Ses

| think not.
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Problem with the Vitali covering-proof:

UBcss = c(UB)gsdﬁ(B),



Problem with the Vitali covering-proof:

UBcss = £(UB) <594(5),
UBcse # w7 (alJB) s HI(9B).
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Problem with the Vitali covering-proof:

UBcss = £(UB) <594(5),
UBcse # w7 (alJB) s HI(9B).

Proposition (Vitali (replacement) for perimeter)

For any (finite) set of balls BB there is a subset S C B of balls such
that for any 51,5, € S with S; # S, we have

min{£(51), £(52)}
2

L(S1NS) <

H (o JB) 5 3 HITH9S).

Ses

(The factor 1/2 can be made arbitrarily small.)
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Proof of Vitali for perimeter

Assume all balls in B have diameter at most 1. Inductively proceed
as follows.
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Proof of Vitali for perimeter

Assume all balls in B have diameter at most 1. Inductively proceed
as follows. For each n € N let

Ch={BeB:3S€ S U...US,-1, L(BNS) > L(B)/2}
be the set of balls already covered in earlier steps. Set
B,={BeB\C,:27"! <diam(B) <27"}.

Let S, be a maximal disjoint subset of B, such that for all
S, T €S, wehave L(S5NT) <min{L(S),L(T)}/2.
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Proof of Vitali for perimeter

Assume all balls in B have diameter at most 1. Inductively proceed
as follows. For each n € N let

Ch={BeB:3S€ S U...US,-1, L(BNS) > L(B)/2}
be the set of balls already covered in earlier steps. Set
B,={BeB\C,:27"! <diam(B) <27"}.
Let S, be a maximal disjoint subset of B, such that for all

S, T €S, wehave L(SNT) < min{L(S),L(T)}/2. Finally define
S=5USU....
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Proof of Vitali for perimeter

Assume all balls in B have diameter at most 1. Inductively proceed
as follows. For each n € N let

Ch={BeB:3S€ S U...US,-1, L(BNS) > L(B)/2}
be the set of balls already covered in earlier steps. Set
B,={BeB\C,:27"! <diam(B) <27"}.

Let S, be a maximal disjoint subset of B, such that for all

S, T €S, wehave L(SNT) < min{L(S),L(T)}/2. Finally define
S =81 US> U.... For similar reasons as for the Vitali covering
argument, we have for all S, T € S that

L(SNT) < min{L(S), £(T)}/2.
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Let B € B and take n such that 2771 < diam(B) < 27". If

B € S then there is nothing to show. If B € C, then there is an
S e Swith L(BNS) > L(B)/2. If B € Cp, then by maximality of
B, thereisan S € B, NS with

min{£(B), L(S)} _ L(B(0,27"?)
- 2

>27""1L(B).
. >2""17(B)

L(BNS)>
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Let B € B and take n such that 2771 < diam(B) < 27". If

B € S then there is nothing to show. If B € C, then there is an
S e Swith L(BNS) > L(B)/2. If B € Cp, then by maximality of
B, thereisan S € B, NS with

min{£(B), £(S)} . L£(B(0,2"""?)
- 2

>27""1L(B).
. >2""17(B)

L(BNS)>

Proposition (High density)
Let B be a set of balls B with L(BNE) > eL(B). Then

#(o B\ E) 5. me (UB N 9E).




7491 (aU B) < pd-1 (aU B\|J{5:5e 3}) + 3 HI1(09)

Ses



7491 (aU B) < pd-1 (aU B\|J{5:5e 3}) + 3 HI1(09)

Ses

n (s \ (s ses))
< ZHd_1<8U{B €B:L(BNS)>2"""1(B)} \§)

Ses
DIk (U{B eB:L(BNS)>2"""1L(B)} N as)
Ses

<) HITH0S).

Ses
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D (fo—AQ)HIH(0Q) Svarf.
Q dyadic

For each (dyadic) cube we have
(fo — Ao)HI1(0Q) - / ST L(PN{f> A} dA
PeDMQ)

where DMNQ) is the set of dyadic cubes P with base cube Q such
that A\p < A < fp.
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Want to estimate

D (fo—AQ)HIH(0Q) Svarf.
Q dyadic

For each (dyadic) cube we have

(fq — AQ)HI1(0Q) - / > L(Pn{f>A})dx

PEDMQ)

where DA(Q) is the set of dyadic cubes P with base cube @ such

that A\p < A\ < fp.
Do Fubini. Each dyadic cube P on the RHS will appear with a
factor I(Q) ™! for each dyadic parent of P.
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Recall the strategy for dyadic

Want to estimate

D (fo—AQ)HIH(0Q) Svarf.
Q dyadic

For each (dyadic) cube we have

(fq — AQ)HI1(0Q) - / > L(Pn{f>A})dx

PEDMQ)

where DA(Q) is the set of dyadic cubes P with base cube @ such
that Ap < A < fp.

Do Fubini. Each dyadic cube P on the RHS will appear with a
factor I(Q)~! for each dyadic parent of P. Geometric sum will
coverge and yield HI1(0P)
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Recall the strategy for dyadic

Want to estimate

D (fo—AQ)HIH(0Q) Svarf.
Q dyadic

For each (dyadic) cube we have

(fq — AQ)HI1(0Q) - / > L(Pn{f>A})dx

PEDMQ)

where DA(Q) is the set of dyadic cubes P with base cube @ such
that A\p < A\ < fp.

Do Fubini. Each dyadic cube P on the RHS will appear with a
factor I(Q)~! for each dyadic parent of P. Geometric sum will
coverge and yield H9~1(9P) and relative isoperimetric inequality
will turn it into into HI=H(9{f > A} N P).
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Recall the strategy for dyadic

Want to estimate

D (fo—AQ)HIH(0Q) Svarf.
Q dyadic

For each (dyadic) cube we have

(fq — AQ)HI1(0Q) - / > L(Pn{f>A})dx

PEDMQ)

where DA(Q) is the set of dyadic cubes P with base cube @ such
that A\p < A\ < fp.

Do Fubini. Each dyadic cube P on the RHS will appear with a
factor I(Q)~! for each dyadic parent of P. Geometric sum will
coverge and yield H9~1(9P) and relative isoperimetric inequality
will turn it into into H971(0{f > A} N P). By disjonintness the
right hand side then is var f.
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@ For each A € R the cubes in D are disjoint.
@ For each P € D there is only one Q per scale with
P € DNQ).
The following weaker assumptions are actually enough.

© There is a small € > 0 such that for each A € R the cubes in
{(1 —¢)P : P € D*} have bounded overlap.
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000000080000

Denote D* = Uq dyadic DM Q). We use:
@ For each A € R the cubes in D are disjoint.
@ For each P € D there is only one Q per scale with
P € DNQ).
The following weaker assumptions are actually enough.

© There is a small € > 0 such that for each A € R the cubes in
{(1 —¢)P : P € D*} have bounded overlap.

@ For each P € D* we only get a contribution from a bounded
number of cubes @ with the same scale.
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Strategy for general cubes

Split the cubes Q) = {Q : fo > A} into Q)>\ U Qi’z U Q;, where
Q7 ={Qe O\ : LU{f >A}NQ)>271L(Q)}
0;*={@ear:£(lJgzne) >27L(Q)
Q5 =\ 97\ 9%
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Strategy for general cubes

Split the cubes Q) = {Q : fo > A} into Q)>\ U Qi’z U Q;, where
Q7 ={Qe O\ : LU{f >A}NQ)>271L(Q)}
0;*={@ear:£(lJgzne) >27L(Q)
Q5 =\ 97\ 9%

Then by the high density argument
HIHOU Q%) S MU QF) S HATH(O{F > A)).
To Q§ apply the Vitali covering argument for the boundary.
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Strategy for general cubes

Split the cubes Q) = {Q : fo > A} into Q)>\ U Qi’z U Q;, where

Q; = {Q e Q: L({f > A} N Q) > 27'L(Q))
037 ={QeQy: L(U oida Q) >2712(Q))
Qs =\ 93\ 9
Then by the high density argument
HIHOU Q%) S MU QF) S HATH(O{F > A)).
To Q§ apply the Vitali covering argument for the boundary. This

can actually be done in a consistent way through all A € R, so that
we obtain a set S such that

/OOO H (‘9U Qf) A <Y (Fo - Xo)HIT(9Q).

QeS
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Q L(Q1N Q) <271L(Q)1 or
@ (1 has strictly smaller scale than Q2 and fg1 > fgo.
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For any Q1, Q2 € S with diam(Q1) < diam(Q2) we have
QO L(Q1N Q) <271L(Q)1 or
@ (1 has strictly smaller scale than Q2 and fg1 > fgo.
Denote D* = (Jocs PM(Q).
For cubes Q1, @2 € S the cubes in D’\(Ql),D)‘(Qg) can have bad
overlap.
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For any Q1, Q2 € S with diam(Q1) < diam(Q2) we have

QO L(Q1N Q) <271L(Q)1 or

@ (1 has strictly smaller scale than Q2 and fg1 > fgo.
Denote D* = (Jocs PM(Q).
For cubes Q1, @2 € S the cubes in D’\(Ql),D)‘(Qg) can have bad
overlap. So we run again a Vitali-type argument on D* to select a
set of almost disjoint representatives F>.
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FA:
@ There is a small € > 0 such that for each A € R the cubes in
{(1 —¢€)P: P € F*} have bounded overlap.

@ For each Q € S and P € DNQ) there is a R € F* such that
PSRSQ.
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{(1 —¢€)P: P € F*} have bounded overlap.
@ For each Q € S and P € DNQ) there is a R € F* such that
P<R<SQ.
Attempt 1: Just apply Vitali covering to D* = | Jcg P(S) and
let 7 be the resulting set.
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FA:
© There is a small € > 0 such that for each A € R the cubes in
{(1 —¢€)P: P € F*} have bounded overlap.
@ For each Q € S and P € DNQ) there is a R € F* such that
P<SRSQ.
Attempt 1: Just apply Vitali covering to D* = | Jcg P(S) and
let 7 be the resulting set.
What goes wrong: Let Q1, Q2 € S be intersecting and with
diam(Q1) < diam(Q2). Then there might be a P € D*(Q,) with
diam(Q1) < diam(P) which covers all cubes in D(@3).



F:
© There is a small € > 0 such that for each A € R the cubes in
{(1 —¢€)P: P € F*} have bounded overlap.
@ For each Q € S and P € DNQ) there is a R € F* such that
P<R<SQ.
Attempt 1: Just apply Vitali covering to D* = | Jcg P(S) and
let 7 be the resulting set.
What goes wrong: Let Q1, Q2 € S be intersecting and with
diam(Q1) < diam(Q2). Then there might be a P € D*(Q,) with
diam(Q1) < diam(P) which covers all cubes in D*(@3). That
means D*(Q,) gets deleted and there is no way to get a bound like

(Fo, — X)) HTH(0Q2) - I(@2) S / > L(Pn{f>A})dx
(@)

PeFMQ

because we must have diam(P) < diam(Q>) for all P € FA(Q>)
for the geometric sum to converge.
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@ There is a small € > 0 such that for each A € R the cubes in
{(1 —¢€)P: P € F*} have bounded overlap.

Fix: Take (1 —¢)P instead. Then in the above situation (1 —¢)P
is disjoint from any cube in D*(Q2) and we can still use them.
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Vitali covering creates an actual disjoint cover, but we only need

@ There is a small € > 0 such that for each A € R the cubes in
{(1 —¢€)P: P € F*} have bounded overlap.

Fix: Take (1 —¢)P instead. Then in the above situation (1 —¢)P
is disjoint from any cube in D*(Q2) and we can still use them. If
we are not in the situation diam(Q1) < diam(Q2) then all cubes

have a similar scale and we are safe to do Vitali covering and we

just lose some constants.
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Summary

Invoke the coarea formula

var Mf = /OOO 91 (aU Q,\) A,

where Q) = {Q: fg > A}. Split the cubes Q) = {Q: fo > A}
into Q7 U O, where

Q7 ={Qe Q\: LU{f >A}NQ)>271L(Q)}
05 ={Qe Qy: L({f > A} NQ)<27L(Q)}.

Then by the high density argument
Ht (ol ©3) < HAA(o(F > A}

from which the coarea formula yields var f.
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0 QeSs
Prove a bound
(fo — Ao)H1(0Q) - / > L(Pn{f>A})dx
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For each A\ € R do a Vitali type covering to extract almost disjoint
cubes F* from [Joes P*(Q). Change the order of summation,
have a geometric sum converge, apply the relative isoperimetric
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Do a Vitali type covering to find a set S of dyadic like cubes with
/ HO (A QT ) A S D (Fo — Ro)HA(0Q).
QeSs
Prove a bound
(fo — Ao)H1(0Q) - / > L(Pn{f>A})dx
PeDMQ)

For each A\ € R do a Vitali type covering to extract almost disjoint
cubes F* from [Joes P*(Q). Change the order of summation,
have a geometric sum converge, apply the relative isoperimetric
inequality and use almost disjointness



Do a Vitali type covering to find a set S of dyadic like cubes with

/ He- 1 aU QA>d)\< 3 (Fo — AQ)H 1 (0Q).

QeS

Prove a bound

(fo — Ao)H1(0Q) - / > L(Pn{f>A})dx

PEDMQ)

For each A\ € R do a Vitali type covering to extract almost disjoint
cubes F* from [Joes P*(Q). Change the order of summation,
have a geometric sum converge, apply the relative isoperimetric
inequality and use almost disjointness and the coarea formula to
recover var f.
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Summary
ocooe

This proof works for
e dyadic maximal function [2]
e cube maximal function [4]

@ uncentered Hardy-Littlewood maximal function if f is
characteristic function [1]

@ Hardy-Littlewood fractional maximal function, both
uncentered and centered [3]
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