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The Hardy-Littlewood maximal operator

For f : R™ — R the centered Hardy-Littlewood maximal function is
defined by
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Theorem (Hardy-Littlewood maximal function theorem)

IMfllo®n) Snp 1flr®ey  IMEfllLtco®n) Sp [flLgny
if and only if p > 1.

Lemma (Vitali covering lemma)

Let B be a bounded set of balls. Then it has a subset B C B of
pairwise disjoint balls such that
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Gradient version of the HL theorem

Theorem (Kinnunen 1997)

For p > 1 we have
IVME fll o (gr) Snp IV fllLe@ny

Question (Hajtasz and Onninen 2004)
Is it true that

VM fll L1 gry Sn IV Flr@ny?

Mostly solved in one dimension, few results in higher dimensions.
Question is interesting for uncentered Hardy-Littlewood maximal
function

Mf(x) =sup fp

B>z

and other maximal operators.



Coarea formula and Vitali covering for the boundary

Coarea formula

I £l 1 oy = / H1 @z € R+ f(z) > A}) dA

Superlevel sets

{z eR": Mf(z) > A} = J{B: fp > A}

for uncentered maximal operators.

So... is there a covering lemma for the perimeter? Yes!
Can we apply it to the maximal function? No-ish. (At least |
couldn't really.)



Covering lemma for the boundary

Lemma (Vitali covering lemma)

Any bounded set B of balls has a subset B of pairwise disjoint
balls with .
z(U B) <. £(UB).

Theorem (Covering lemma for boundary, W. 2025)

Any bounded set B of balls has a subset B of pairwise disjoint

balls with
Fenl (a U3) <. 5 (o is) .



About the proof

The Vitali selection strategy doesn't work for boundary:

As it turns out, the Besicovitch covering theorem strategy
combined with another geometric proposition does, however.



Can we get a disjoint subset B C B that witnesses both the Vitali

covering lemma and the Vitali covering lemma for the boundary?
No.




Hybrids

Theorem (W. 2025)

For each B and any € > 0 exists a subset B C B such that for any
distinct B, B, € B we have

£(By N By) <emin{L(By), £(By)}
and with
(UB) s <(U3), 2 (oU3) s, e am(o3).

The rate e 771 is sharp.



"Application” to maximal operator in characteristic
function case

Theorem (W. 2020)
For E C R™ we have

var(M(1p)) <, var(ly).

For a partial proof recall

Relative isoperimetric inequality

min{ (BN E), £(B\ E)}""" <, "1 (BN OE)".



Partial proof

We have f =15 with E C R". Note, fz = £(ENB)/£(B) and
for 0 < A <1 define

By:={B:fp=2A}, sothat {Mf>\}=|]3B,.

Apply covering lemma for the boundary: BN)\. Then for
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But...

For 1/2 < XA <1 we use

Let B, be a set of balls B with £(BNE) > $£(B). Then

Fn (a UER E) <, H" Y (OE).

(This also happens to be
the previously mentioned
proposition we used to
prove the covering lemma
for the boundary.)




But...

For 0 < A <1 we use

Let B, be a set of balls B with £(BN E) > AL(B). Then

}["—1(8UBA\F> log \A— " 1 (DE).

@ The dependency on X is enough to immediately imply
var(M1y) <, var(1y) without using the covering lemma for
the boundary. Whoops...

@ And the reason is that in fact | proved var(M1,) <, var(1y)
like this long before even thinking about a covering lemma for
the boundary.

@ But, using the covering lemma for the boundary we can now
(more easily) remove the term |log A| in the above
proposition.



Thank you



