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Kadison-Singer

Vis a
Bessel sequence if I Z av|P<C Z layv]?
veV veV
Riesz basic sequence if also || Z av|]?>c Z |ayv||?

veV vev
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Kadison-Singer

Vis a
Bessel sequence if I Z av|P<C Z layv]?
veV veV
Riesz basic sequence if also || Z av|?>c Z |ayv||?

veV veVv

Theorem (Marcus, Spielman, Srivastava 2014)

Let V' be a Bessel sequence with C < %. Then V can be
partitioned into two Riesz basic sequences.
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Kadison-Singer

D: dyadic intervals in [0,1]. For I € D define a Haar function by

() = {—1 x € I

1 x € |

{hi'| I € D} is an orthogonal subset of L3([0, 1]).
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Kadison-Singer

D: dyadic intervals in [0,1]. For I € D define a Haar function by

() = {—1 x € I

1 x € |

{hi'| I € D} is an orthogonal subset of L3([0, 1]).

Corollary
Let p> 2 and E C [0,1]. Then

{h/]lE | 1 €D, |INE] Zp|/|}

can be partitioned into two Riesz basic sequences.
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Main result

p > 2 if and only if for all E C [0,1]

{h/ﬂE | I €D, |IﬂE| Zp|/|}

is a Riesz basic sequence.
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Main result

p > 2 if and only if for all E C [0,1]

{h/ﬂE | I €D, |IﬂE| Zp|/|}

is a Riesz basic sequence.

Hza/hlﬂEH; >c> lashilel

1D IeD
where a; =0 if |[I N E| < pl|l].
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Main result

p > 2 if and only if for all E C [0,1]

{h/ﬂE | I €D, |IﬂE’ > p|/|}
is a Riesz basic sequence.

1> amiely > e lahiiel}

1D IeD
where a; =0 if |[I N E| < pl|l].

If E= [07 %] U [%, %] then h[o,l]ILE = h[o,%]ﬂE =4k h[%,l]ﬂE =0 so

p > % is necessary. p = 1 is sufficient.
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Counterexample for p = %

—_

O
ISlize =
WINTIC
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Counterexample for p = %

8 r ho i

—_

O
ISlize =
WINTIC
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Counterexample for p = %

—_

O
ISlize =
WINTIC

Julian Weigt Almost-Orthogonality of Restricted Haar Functions



Counterexample for p = %

8 - 2hy 1
ho + hy 4 2hg --------

—_

O
ISlize =
WINTIC
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Counterexample for p = %

8 r 4hg i
ho + hy 4 2hg --------

—_

O
ISlize =
WINTIC
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Counterexample for p = %

8 r 4hg ; i
ho + ha + 2hs + 4hg -------- -

—_

O
Nl
WIN
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Motivation: Proof for p =1

Dp:={l€D||l| >27"}. Goal:
1> ahlelf = ) llarhiel

1€Dp 1€Dp
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Motivation: Proof for p =1

Dp:={l€D||l| >27"}. Goal:
1> ahlelf = ) llarhiel
I€D, 1€D,

Induction on n:

1> ashslelf > Y llashslels

JeDy JeDy
1> ashslello— 1 Y ashilel > > llashilels
JEDp11 JeD, JGDn+1\Dn
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Motivation: Proof for p =1

Dp:={l€D||l| >27"}. Goal:
1> ahlelf = ) llarhiel
I€D, 1€D,

Induction on n:

1> ashslelf > Y llashslels

JeDy JeDy
1> ashslello— 1 Y ashilel > > llashilels
JEDp11 JeD, JGDn+1\Dn

Dpt1 \ Dy, partitions [0,1]. So it suffices to show for each

I e Dn—l—l \Dn
1> ashsle+ahle|fgy =11 D ashilelfagy > lahiiel3
JED, JED,
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Proof for p > %

Dp:={l€D||l| >27"}. Goal:
1~ ahilel g,y > > lahiiel3

1€Dy 1€Dp

Induction on n:

1 ashslelfag, = D lashiiels

JeDy Je€Dy
1Y ashslelfo,, = I D ashilelion, = >, llashsiel?
JEDp 11 JeD, JG'DnJr]_\'Dn

Dpt1 \ Dy, partitions [0,1]. So it suffices to show for each

I e Dn—l—l \Dn
1> ashyletahilelfog =l D ashilel g = llarhiiel3
JeD, JED,
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Proof for p > %

Dp:={l€D||l| >27"}. Goal:
1~ ahilel g,y > > lahiiel3

1€Dy 1€Dp

Induction on n:

1 ashslelfag, = D lashiiels

JeDy Je€Dy
1Y ashslelfo,, = I D ashilelion, = >, llashsiel?
JEDp 11 JeD, JG'DnJr]_\'Dn

Dpt1 \ Dy, partitions [0,1]. So it suffices to show for each

I e Dn—l—l \Dn
1> ashyletahilelfog =l D ashilel g = llarhiiel3
JeD, JED,

1<w,<C.
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Proof for p > %

Dp:={l€D||l| >27"}. Goal:
CILY - ahlel3> 11 arhilelfog,) > Y llarhilels

1€Dp 1€Dy 1€Dp

Induction on n:

1 ashslelfag, = D lashiiels

JeDy Je€Dy
1Y ashslelfo,, = I D ashilelion, = >, llashsiel?
JEDp 11 JeD, JG'DnJr]_\'Dn

Dpt1 \ Dy, partitions [0,1]. So it suffices to show for each

I e Dn—l—l \Dn
1> ashyletahilelfog =l D ashilel g = llarhiiel3
JeD, JED,

1<w,<C.
Julian Weigt Almost-Orthogonality of Restricted Haar Functions



And after rescaling

1LiLe + xhi el T2, ) — 1LLENT2 (0 = (IXhiLe]
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And after rescaling
1LiLe + xhi el T2, ) — 1LLENT2 (0 = (IXhiLe]

1JNE|

OnJGDk+1\Dk: Wk:f( |J|

)

Julian Weigt Almost-Orthogonality of Restricted Haar Functions



And after rescaling

1LiLe + xhi el T2, ) — 1LLENT2 (0 = (IXhiLe]

JNE
OnJGDk+1\Dk: Wk:f(’ |J| ’)
o = |l N E]| = |l N E]| q+q |INE]|
1= = =
[kl [kl 2 /]
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And after rescaling

10/ 0E + xby e 2,1y — ITTEN T2y = IXiTE]3

JNE
OnJGDk+1\Dk: Wk:f(’ |_j| ’)
oo WNEL _RDE gita |INE|
|| || 2 1]
+ + q
I quf(q)(1 — x)? + |kl qaf(g2)(1 + x)? — |1| 22 : 92 (9 . 2)
> mez

2
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And after rescaling

1LiLe + xhi el T2, ) — 1LLENT2 (0 = (IXhiLe]

1JNE|

OnJGDk+1\Dk: Wk:f( |J| )
o = |l N E]| = |l N E]| q+q |INE]|
1= = =
|| || 2 ]
qg1+q ., q1+ g
Ihq1f(q1)(1 — x)* + |k|q2f(q2)(1 + x)* — |/] > (%)
Z “‘(h‘i‘qzxz

2

g(q) = af(q)
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And after rescaling

H]l/]lE + Xh/]lEH%Q(w,,H) - H]ll]lEH%Z(Wn) > HXhI]lEH%

JNE
OnJEDk+1\Dk: Wk:f(’ ‘J| ’)
- |l NE| - |l N E]| q1+q2:|lﬂE|
A Y 2 /]

S8(@)(1 ) + oa(@)(1+ X~ g( BT
> x°
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Find g : [0,1] — R with:

If g1,92 € [0,1] and

q1+q2>p

=0
2 = or X

then

S8(@)(1— X+ a(@)(1+ ) - s(PEE) > 2 ()
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Find g : [0,1] — R with:
If g1,92 € [0,1] and

q1+q2>p

=0
2 = or X

then

S8(@)(1— X+ a(@)(1+ ) - s(PEE) > 2 ()

If g € [0,1] then

qg<g(q) <Cq (2)
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Find g : [0,1] — R with:
If g1,92 € [0,1] and

q1+ q2 > p or =0
2
then
1 1 q1+ q2
28(@)1L— X + S@)1+ 27 —s(PEE) >0 (1)
If g € [0,1] then
qg<g(q) <Cq (2)
If we set
(q) =21
ga) =3 —
with a > b > 1 then g satisfies (??) for all g1, g2 € [0, 1]. But not

(?2).
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C=g(l)=(—
8 2\ 2 2\ !
g _ — (’) _ _
alr3) role-3)
2\ 2 2\ !
Copt:27<P_3> +O<P_3) ?
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