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Question (Hajtasz and Onninen 2004)
Is it true that

[IVMEF | 2y < Call V| 2w ?
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For e € R" by the sublinearity of M Kinnunen proved
|[IVMCf(x)| < M¢|VF|(x).
Thus by the Hardy-Littlewood maximal function theorem for p > 1
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In 2002 Tanaka proved
IVMF]ly < 2/|VFly

for the uncentered maximal function of a function f : R — R. The
proof depends strongly on one-dimensional geometry.
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Mgf( ) =supr fB(xr)
r>0

The corresponding Hardy-Littlewood theorem is is

IMaf < Ghapll flle(re)
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if and only if p > 1. The corresponding regularity bound is
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lacunary [Beltran + Ramos + Saari 2018]

n =1, radial for centered f [Beltran + Madrid 2019]

There are more related bounds, bounds on other maximal
operators,. ...

For example: Continuity of the operator given by f — VMf on
WHL(R") — LY(R"). This is a stronger property than
boundedness.
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for
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@ cube maximal operator
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Coarea formula

IV F L2y = /R%dl(a{x ER™: £(x) > A})dA

Superlevel sets

{Mf > A} = {x € R": Mf(x) > A} = {B:fp > A}

for uncentered maximal operators.

Decomposition of the boundary

Denote
By ={B:fg>\ LBN{f>A})<27""1L(B)}
and Bf accordingly.

We will estimate the perimeter of | JB5 and UB; separately.
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relative isoperimetric inequality

If £(Q N E) < £(Q)/2 then

LQNE)™ <HITHQNOE)"
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M4f(x) = sup fq.
R3x, Q dyadic
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Low density case B}

Proposition

(fo —2)L(Q / S© L(Pn{f>A})dx

PCQ:Xp<A<fp
where P is maximal above Ap and

LPN{f>Xp})=271L(P)
LQN{f>Ng})=2"""1£(Q)

Then we sum over all @ and change the order of summation, use
the convergence of a geometric sum and apply the relative
isoperimetric inequality to P. We recover ||V f||1 on the right hand
side.
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Proposition (Vitali for perimeter)
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The Vitali covering for the perimeter also works for balls, however
we do not have the earlier bound on (fg — A\g)L(Q) for balls.
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Low density case Bf, fractional
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0<a
||VMaf||ﬁ < ||Ma,71f||# S HVle'
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