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Abstract

Our main result is a weighted fractional Poincaré—Sobolev inequality improving the cel-
ebrated estimate by Bourgain—Brezis—Mironescu. This also yields an improvement of the
classical Meyers—Ziemer theorem in several ways. The proof is based on a fractional isoperi-
metric inequality and is new even in the non-weighted setting. We also extend the celebrated
Poincaré-Sobolev estimate with A, weights of Fabes—Kenig—Serapioni by means of a frac-
tional type result in the spirit of Bourgain—Brezis—Mironescu. Examples are given to show
that the corresponding L?-versions of weighted Poincaré inequalities do not hold for p > 1.
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1 Introduction

The classical (g, p)-Poincaré—Sobolev inequality states that

(/ |f—fQ|qu>g < c(/ IVfI”dX);, )
0 [¢)

where 1 < p < n,q = 1p(]R”) O C R"is a cube and C is a dimen-
sional constant. In 2002, Bourgaln et al. [3] proved the following fractional (¢, p)-Poincaré
inequality

1 1
<f|f ortar )’ <C(1—8)P1(Q)8<][/%dydx>p, @

f € Llloc(R"), Q C R"is acube and C

where—<8<11<p<%q—nfgp,

is a dimensional constant. Note the factor (1 — 8)% in front of the fractional term which
balances the limiting behaviour of the right-hand side when § — 1. In particular, it was
shown by Brezis [4] that without the factor the right-hand side of (2) is infinite for non-
constant functions when § = 1. Moreover, Bourgain et al. [2] showed that with this factor the
fractional term coincides with the L? norm of the gradient when § — 1. This means that in
the limit (2) turns into the classical Poincaré inequality (1). Later, Maz’ya and Shaposhnikova
[19] proved the colrresponding inequality in R”. They showed in R” that the fractional term

multiplied with §7 coincides with the L? norm of the function when § — 0. For other
limiting behaviour results, we refer to Alberico et al. [1], Brezis et al. [5], Drelichman and
Duran [9] and Karadzhov et al. [17].

The existing proofs of the fractional Poincaré inequality apply Fourier analysis techniques
[3], Hardy type inequalities [19] or compactness arguments [23]. We give a new direct and
transparent proof using a relative isoperimetric inequality as our main tool. We concentrate on
the case p = 1in (2). Our approach is based on a new fractional type isoperimetric inequality
in Lemma 3.3 which can be seen as an improvement of the classical relative isoperimetric
inequality, see Remark 3.4. To our knowledge this approach with isoperimetric inequalities
has not been considered in the fractional case before. This allows further investigation of the
theory of fractional Poincaré inequalities.

It is known that the classical (1, 1)-Poincaré inequality implies the classical (g, p)-
Poincaré inequality. We investigate this in the fractional setting with A, weights. The strategy
is to first show that the fractional (1, 1)-Poincaré inequality implies the fractional (1, p)-
Poincaré inequality in Corollary 5.2. Then we apply a self-improving property and a fractional
truncation method to obtain the fractional (g, p)-Poincaré inequality with A, weights, see
Theorems 5.7 and 5.9. This extends the fractional Poincaré inequality in Hurri-Syrjinen
et al. [15] from A weights to A, weights. Self-improving results are discussed in Canto
and Pérez [6], Franchi et al. [13], Lerner et al. [18] and Pérez and Rela [22]. For fractional
truncation methods, see Chua [§8], Dyda et al. [10, 11] and Maz’ya [20].

Our proof for the fractional Poincaré inequality also works when we measure the oscilla-
tion against a Radon measure w. Our main result Theorem 4.1 states that

1
</|f fgl‘fdu>”<ca a)// ) = |{:§)'d (Ma ()7 d

@ Springer



Weighted fractional Poincaré inequalities... Page3of32 205

for0 <8 < 1,1 <¢g < n"T(S and where My is the fractional maximal function with

o =n — q(n — §). This extends [15, Theorem 2.10] to all values 0 < § < 1 and exponents
1 < g < ;%. Weighted classical Poincaré inequalities have been studied extensively starting

from the classical result by Meyers and Ziemer [21] and generalized to

</Q|f—fQ|qu>q sc/QWﬂ(Mau)%dx 3)

forl <g < nfl ,o¢ = n—q(n—1) by Franchi, Pérez and Wheeden in [14]. With Theorem 4.1
we extend their results to the fractional setting and are also able to deduce their original results
from ours, see Corollaries 4.3 and 6.5. Moreover, in [14] they show (3) in two separate ranges
of g and their constant C blows up when ¢ — 1. In our argument, C is uniformly bounded
in ¢ and depends only on the dimension. We also give an alternative proof by applying the
relative isoperimetric inequality to highlight the differences between the classical and the
fractional Poincaré inequalities.

It would be a natural question to ask if the weighted fractional or classical Poincaré
inequality holds for p > 1 as in (1) and (2). However, this is not the case. We construct
counterexamples in Sect. 7. This answers a question regarding the weighted classical Poincaré
inequality posed in [14].

2 Preliminaries

Let N = {1,2,...} and Ny = N U {0}. Unless otherwise stated, constants are positive
and dependent only on the dimension n. We denote the standard Euclidean norm of a point
x € R" by |x|. The Lebesgue measure of a measurable subset A of R” is denoted by L£(A)
and the s-dimensional Hausdorff measure is denoted by H* (A). The absolute continuity of a
measure p with respect to another measure v is denoted by © < v, that is, v(A) = 0 implies
w(A) =0.

Assumethat A C R” isameasurable set withO < £(A) < ooandthat f : A — [—00, 00]
is a measurable function. The maximal median of f over A is defined by

myg(A) = inf{a eR: LH{x e A: f(x) >a}) < %E(A)}.

The integral average of f € L'(A) on A is denoted by

fAz]ifdxzﬁ/Afdx.

We write
{(f>A={xeR": f(x)> A}

for the superlevel set of a function f : R" — R. We define { f < A} similarly.

A cube Q C R" is the product of n closed intervals of the same length, with sides parallel
to the coordinate axes and equally long, that is, Q = [a1,a; + 1] X --- X [ay, a, +1]. In
particular, we always consider a cube to be closed and axes-parallel. All our results hold
for half open cubes as well. If we additionally assume that the measures in our results are
absolutely continuous with respect to the Lebesgue measure then we can also use open cubes.
We denote by 1(Q) = [ the side length of Q.
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Let Qg C R" be a cube. Foreach k € Ny we denote by Dx(Qp) the set of dyadic subcubes
of Qg of generation k. Particularly, Dx(Qg) consists of 2%1 cubes Q with pairwise disjoint
interiors and with side length 1(Q) = 2k 1(Qo), such that Qg equals the union of all cubes
in Dy up to a set of measure zero. If k > 1 and Q € Dy (Qp), there exists a unique cube
Q' € Dr_1(Qp) with O C Q’.The cube Q' is called the dyadic parent of Q, and Q is adyadic
child of Q'. The set of dyadic subcubes D(Qg) of Qy is defined as D(Qo) = (Jg— Pk (Qo)-

The following lemma is a variant of the classical Calderén—Zygmund decomposition for
sets.

Lemma 2.1 Let Q C R" be a cube and E C R" a measurable set. Assume that
LQNE) = L(Q)

holds for some O < A < 1. Then there exist countably many pairwise disjoint dyadic cubes
0, € D(Q), i €N, such that

(i) QNE C; Qi up to a set of Lebesgue measure zero,
(i) L£(Qi NE) > 27"AL(Qi),
(iii) £(Qi N E) = AL(Q)).

If E is relatively open with respect to Q then QNE C | J; Q; holds literally and not only up to
a set of measure zero. The cubes in the collection { Q;}ien are called the Calderon—Zygmund
cubes in Q at level A.

Proof 1f
LONE)>2T"AL(Q),

we pick Q and observe that Q satisfies the required properties. Otherwise, if
LIQNE) <27"AL(Q),

we decompose Q into dyadic subcubes that satisfy the required properties in the following
way. Start by decomposing Q into 2" dyadic subcubes Q1 € D;(Q). We select those O for
which £(Q1 N E) > 27"AL(Q1) and denote this collection by {Q1 ;};. If L(Q1 NE) <
27"AL(Q1), we subdivide Q; into 2" dyadic subcubes Q, € D>(Q) and select Q5 for which
L(Q>NE) >27"AL(Q2). We denote so obtained collection by {Q> ;};.

At the ith step, we partition unselected Q;_1 into dyadic subcubes Q; € D;(Q) and select
those Q; for which £L(Q; N E) > 27"AL(Q;). Denote the obtained collection by {Q; ;};.If
L(Q;NE) <27"AL(Q;), we continue the selection process in Q;. In this manner we obtain
acollection {Q; ;}; ;j of pairwise disjoint dyadic subcubes of Q. Reindex {Q;}; = {Q; j}i, ;-
We show that {Q;}; satisfies the required properties.

Letx € QO \ |J; Qi. There exists a decreasing sequence { Oy} of dyadic subcubes of Q
containing x such that Qr4+1 € QO and L(Qr N E) < 27"AL(Qy) forevery k € N. If E is
relatively open then for k large enough we have Oy C ENQ, acontradiction. If E is a general
measurable set, then we have by the Lebesgue differentiation theorem that 1z (x) < 27"A
for almost every x € Q \ |J; Q; and thus Q N E C |J; Qi up to a set of Lebesgue measure
zero. This proves (i). Property (ii) holds by the definition of Q;. By the selection process, it
holds that £(Q; N E) < 27"AL(Q;}) forevery i € N, where Q! is the dyadic parent cube of
Q;. Hence, we have

L(Qi NE) < L(Q; N E) < 27"AL(Q)) = AL(Q)).

This proves (iii). O
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Let 1 be a Radon measure. The fractional maximal function of u is defined by

n(Q)
Mg pu(x) = sup 1(Q)* =
¢ 05 L(Q)
For @ = 0, we have the classical Hardy—Littlewood maximal function M = My. Let Qg C
R”". The dyadic local counterpart is defined by

q B )
Mg g m(x) = Sup 1(0) 70)
0eD(Q)

where we take the supremum only over the dyadic subcubes of Qg.

For a measurable set E C R” denote by E, E and 9E the topological interior, closure
and boundary of E, respectively. The measure theoretic closure and the measure theoretic
boundary of E are defined by

— L(B(x,r)NE T —
E = x:limsupM>O and 8*E:E*0R”\E*.

r—0 rt
The measure theoretic versions are robust against changes with measure zero. Note that
E" C E and thus d0+E C JE. For a cube, its measure theoretic boundary and its closure
agree with the respective topological quantities.

We will need the following relative isoperimetric inequality [12, Theorem 5.11].

Lemma22 Let Q C R" be a cube and E a set of finite perimeter. Then there exists a
dimensional constant C such that

n—1
n

min{£(Q NE), L(Q\ E)} " < CH" ' (QN&E).

3 Fractional type isoperimetric inequality

This section discusses a rougher fractional type isoperimetric inequality, Lemma 3.3, which
is used later to prove the weighted fractional Poincaré inequality. To prove this fractional
isoperimetric inequality, we need first some auxiliary results.

Lemma3.1 Let Qo C R" be a cube, a < 1(Qp)/2 and 0 < ¢ < % Let Q C Qg be a cube
with1(Q) < a VT Then for any measurable set E C R" with

on+édy,
L _Lene
L(Q)
we have
4 L(Ax)NE)
L(Q) < g/Q 1p(x) — W dx,

where A(x) = Qo N B(x,a) \ B(x,a/2).

Proof Denote the center of Q by xp. Let x € Q. Then we have

Jn N
=0l £ 210 S ag s

“
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A(z) — A(zo)

/~
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N—
S
L
Q
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|z '— x| |z — x|

Fig. 1 Difference of two shifted annuli

Our first step is to show that (4) implies

LAENE) LA NE)| 1 )
L(A(x)) L(A(xo) |~ 4

Denote by o, the n-dimensional Lebesgue measure of the unit ball in n dimensions. Then

|L(A(x) N E) — L(A(x0) N E)| = [L(A(x) N E \ A(x0)) — L(A(x0) N E \ A(x))|
< max{L(A(x0) \ A(x)), L(A(x) \ A(x0))}
< @ onm1 + (@/2)" op-plx — xol
= (1 +27""ha" oyt |x — xol,
where the second inequality follows from the fact that we can estimate the difference of
shifted annuli by two differences of shifted balls as illustrated in Fig. 1. This implies
|L(A(x) N E)L(A(x0)) — L(A(x0) N E)L(A(x))]
< [L(A() N E)L(A(x0)) — L(A(x0) N E)L(A(x0))|
+ | L(A(x0) N E)L(A(x0)) — L(A(x0) N E)L(A(x))|
= |L(A(x) N E) = L(A(x0) N E)|L(A(x0))
+ [L(A(x0)) — L(AX))|L(A(x0) N E)
<2(14+27"ha" o1 x — xol L(A(x0)).

(©)

By the formula o, = 71%/ F(% + 1) and [25], we have

On-1 _ /n—i—l.
o 2
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The inequality

1 2fn+l 1
(I—2")n
clearly holds for n = 1, and thus for all n € N, as the left-hand side is decreasing in n.
Combining the two previous inequalities with (4) and

—n

1-2
LAX) =z — opa", )

we obtain
(1+27""a" o, i ]x — xo| < %c(m)).
Thus, (6) implies
1
|L(A(x) N E)L(A(x0)) — L(A(x0) N E)L(A(x))| < Zﬁ(A(x))l:(A(XO))-
Dividing the previous inequality by £(A(x))L(A(xp)), we conclude (5).
If
L(Ax9)NE) - 1
L(A(xg) — 2’
then it holds that
L(A(x)NE) - L(A(xg) NE) _ ‘ﬁ(A(x) NE) B L(A(xg) N E) - 1 1 1

L(Ax) —  L(A(x0)) L(A(x)) LAGxy) |~ 2 4 4
On the other hand, if
LA(xo)NE) 1
L(AGo) 2
then
_LAWNE)|_ | LAG)NE) ’L(A(x) NE)  L(A(x) NE)
LAX) |~ L(A(x0)) L(A(x)) L(A(x0))
1 1 1
=l-3 477

As a consequence there is i € {0, 1} such that

‘, _ L(Ax) N E) - 1
LAX) |~ 4

forevery x € Q. Denote F = E ifi = 1 and F = R"\E if i = 0. By the assumption, we
have

LQONF) = eL(Q).
Then we can conclude that

1 4 . LA NE) 4 L(A(x) N E)
Ho=7 /Qmp ldv=7 /Qmp 'T LG ‘dx =% /Q‘lE(x) T L(Aw)

The proof is complete. O
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The next lemma is a decomposition of a set near its boundary into cubes.

Lemma3.2 Let Qg C R" be a cube and E C R" a measurable set such that

L _LQnE) _1
2= Ly~ 2

Let k € No. Then there exist a dimensional constant C and pairwise disjoint cubes
O1,..., On C Qg such that1(Q;) = 2k 1(Qo) and

1 <£(QlﬂE) 3

omn+2 — ,C(Q ) — 4

foreveryi =1,..., N and
N
275 L(Q0) = C Y L(Q0).
i=1

Proof Recall that Dy (Qy) is the set of dyadic subcubes of Q( of generation k. In particular,
Di(Qop) consists of 2% many pairwise disjoint cubes with side length 27¥1(Qp) which
decompose Qp. Denote by O the collection of those dyadic subcubes Q € Dy (Qp) with

1
LIQNE) Z 57 £(Q)

andlet A = Jpcg Q. We have

LQNENA)= Y LQNE)< 2% > o< 2n+2£(Qo)
Q€D (Q0)\Q Q€D (Q0)\Q
and thus
L(A) >£(AﬂE):£(QoﬂE)—£(QoﬂE\AﬂE)
> Z,M - L(Qp) — 2n+2£<Qo) zn+1 1 L£(Q0). ©
Denote

={0eQ:H" " (QoN&ANIQ) = 1(Q)" '},

where Q°0 is the interior of Qy, so A is the set of those cubes in Q that have at least one of their
faces contained in Qoo N o, A. Note that Qoo NoA C UQ e 0Q.Forevery cube Q € A, there
exists a neighbouring dyadic cube P € Dy (Q0)\ Q. Thus, the cube é,\ ={1-MNO+ 1P
with side length 2% 1(Qy) is contained in Q U P for every 0 < A < 1. By the definition of
Q and Dr(Qo) \ Q, there exists 0 < A < 1 such that

L(0xNE) = —L(03).

2n+2
We denote @ QA for this A. The collection {Q : O € A} is not necessarily disjoint.
Observe that every cube in Dy has 2n faces and thus at most 2n_neighbouring cubes in
Dk. Hence, for every x € Qg there are at most 2n many cubes Q with x € Q Let | A|
denote the number of cubes in .A. Thus, we may extract a maximal disjoint subcollection
AC{0: Q e A} such that |A| < 2n|A|.
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If L(A) < %E(QO), then by (8) and Lemma 2.2, we have

LOI\T . [£Q0 LQ0)|T
on+1 = min on+1 7 4
< min{£(Qo N A), £(Qo\ A)}T

<CH" N QN dA) < C1 Yy H'D0)
Qe A

= C1JART D@ Qo)

< Cidn?| A 127KV 1(Qo)" !

C14n22k Z
=— L(Q),
1(Q0) ook

where C is the constant in Lemma 2.2. Thus, it holds that
275 L(Q0) = C ) L(0).
QEJZ

where C = 2"1t2,2C|. Hence, the cubes {Q1, ..., Oy} = A satisfy the conclusion of the
lemma.

It remains to consider the case L(A) > %L(Qo). We define

3 1 LONE) 3
{Qn,...,QN}z{QeQ:L(QﬂE)EZE(Q)F{QeDk: < <Z}'

on+2 — L(Q) -

Then we have

4 4 2
Y LQs5 ) LQNE)SLQNE) = TL(Q).

0eQ\(01,....ON} 0eQ\{01,....0N}
We conclude that
—k 3 2
270L(Qo) = L(Qo) =12 173 L(Qo)
<2y Lo-12 Y L
QeQ Qe\{01.....0n}
N
=123 £(Q).
i=1
This completes the proof. O

We are ready to prove the following rougher version of the isoperimetric inequality.
Observe that the difference compared to the relative isoperimetric inequality (Lemma 2.2) is
that the right-hand side in Lemma 3.3 measures the area around the boundary by annuli of
certain size.

Lemma3.3 Let Q C R”" be a cube, E C R" a measurable set, k € N and s > 0 such that

1 - L(ONE) - 1
2(k+s)n — £Q) ~ 2"
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Then there exists a dimensional constant C such that

n—1
LIONE)\ ™ ; '
(M) SCZHA][ ][ Ne(x) —1g(y)ldydx.
L(0) 0 J ONB(x,27%1(Q)\B(x,27*11(Q))

Proof Both sides of the claim are invariant under the dilation of Q and E by the same factor.
Hence, it suffices to consider the case 1(Q) = 1.

By the assumption of the lemma, we may apply Lemma 2.1 for E on Q at level % Thus,
we obtain a collection {Q;}; of Calderén-Zygmund cubes such that 0 N E C |J; Q; up to
a set of Lebesgue measure zero and

I _LQinE) 1
24T L) T2

for every i € N. Note that 1(Q;) = 2~Mi for some M; € Np. Denote by K € N the smallest
integer with 2K > %. We apply Lemma 3.2 with max{k + K — M;, 0} for E on each Q;.
Then for every i € N we obtain a collection {Q; 1, ..., Q; n;} of pairwise disjoint subcubes
with

1(Q,j) = 27 M EFE=MEON(0;) = min{2 ™%, 1(00)}
such that

1 ,C(Q,‘,j NE) 3
< =
22 =T L) 4

forevery j =1,..., N; and

N;
min{2 %K L0 T, £(Qn)} = 27 "KM L0 < 03 £(01 ),
=1

where C; is the constant in Lemma 3.2. By the properties of Q;, the assumption 27%—¢ <
LIONE )% and the previous inequality, we get

n—1

LQONE) ™

< LQNE)" Y L(Q)

= min{£(Q N E)l’%, 21 £(0))

<Y min{£(Q; NE)H, ZkJ:‘}L(Qi)

< imin{z”ic(@)—i, 212001

_ 211+K Zmin{zl—o—%—k—KE(Qi)",;zl’ 2x—K£(Qi)}

1

< ks +K+1+5 Zmin{Z’k*Kﬁ(Q,-)"n;l, ﬁ(Qi)}

L

< 2k+S+K+1+%C1 Z‘C(Qlj)
i,
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Fig.2 For a very regular set the
inner integral in Lemma 3.3
behaves approximately like the
characteristic function of a
neighborhood of the boundary
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Using Lemma 3.1 with ¢ = 1/2"+2, we obtain

LAX)NE)

L n+4 _
L0 <2 /_1E(x> R

Qi

forevery i, j € N, where A(x) = Q N B(x, 2_k)\B(x, 2-k=1y Thus, we may estimate

LAX)NE)
L(Q;,j pnte / 1 7 7 d
Z, (e Z, o | EY T Traey | M
— o+ /
,2,: Qi
2n+42/
ij

IA

15 () —][ 15 (»dy|dx
j A(x)

IA

f () — () Idydx
Qi JAX)

sz"“/Q]i()uE(x)— 15()[dydx.
X

Combining the obtained estimates, we conclude that

LIONE)T < c2’<+5/ ][ I1g(x) — 1£(y)[dydx,
0 J ONB(x,27F)\B(x,27k=1)
where C = #22"“ 1C|. This completes the proof. O

Remark 3.4 As mentioned in the introduction, the fractional Poincaré inequality (2) is an
improvement of the classical Poincaré inequality (1) in the sense that the fractional integral
of f on right hand side of (2) can be bounded by the integral of the gradient on the right hand
side of (1). Likewise, Lemma 3.3 is an improvement of the relative isoperimetric inequality
(Lemma 2.2), as

H-LONoE
zk][ ][ () — Le(nldydx < ¢ (LOGE) )
Q JONB(x,27%1(Q)\B(x,27%"11(Q)) L(Q)

for some dimensional constant C. Here we do not need to assume any bound on £(Q N
E)/L(Q). Note that Lemma 3.3 still holds if we integrate over Q N B(x, 27k1(0)) instead
of 0 N B(x,2 % 1(Q)\B(x,27%¥"11(0Q)), and so does (9).
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Define the following averaged out version of the inner integral by

fl@= [1g(x) — 1g(y)|dydx.

L(B0,27%1(Q))) Jonsz2+10) ][QmB(x,z—k O\ B(x,2-F-11(0))
Then

/ f(z)dz=/f ITE(x) — 1E(y)|dydx.
R 0 JQNB(x 2 FIQN\B(x.27F-11(Q))

If the boundary of E is very regular then f behaves roughly like the characteristic function
of the 27%1(Q)-neighborhood of Q N 8, E as shown in Fig.2, and its integral evaluates to
approximately 27K 1(QYH"1(Q N 34 E). This means the two sides in (9) are comparable
and Lemma 3.3 becomes the classical relative isoperimetric inequality. If the boundary of
E is rougher then f instead resembles the characteristic function of the neighborhood of a
straightened out boundary of E. Morally this means that (9) represents the removal of small
wiggles in the boundary of E and Lemma 3.3 holds by the relative isoperimetric inequality
since we can replace E on the left hand side by a straightened out set with similar volume.
For a formal proof of (9) define

E={zeR':f@=2"\ J BG2*710)

zeE1U...UE;_

recursively for all i € N. By the Vitali covering theorem, for each i there exists a collection
B; of pairwise disjoint balls B(z, 27%*11(Q)) with z € E; such that

U BG. 27210 ¢ | 8B.

z€E; BeB;

Furthermore, by the definition of E; for any j > i the balls in B; do not intersect the balls
in ;. For any z € E; we have

on+l

27 < f2) = L(B(0,27k1(0)))? /.QﬂB(z.Q*k“ 10) /.QnB(Z’z—kH 100))
2n+2
T L(B(0,271(0))?
_ 2P min{£(Q N BE 27M1Q) N E). LQ N BE 27O\ E))
= L(B(0,27%11(0))) ’

g () — 1g(y)|dydx

L(QN Bz, 27 1(0) N E)L(Q N Bz, 275 1(0) \ E)

and thus by the relative isoperimetric inequality (Lemma 2.2) for Q N B(z, 27k1(0)) there
exists a constant C; such that

27 L(B(z, 275 1(Q))
<27 min{£(Q N B(z.27"'1(Q) N E). L@ N B(z. 27 1(0)) \ E)}

n—1
n

< 296,127k 1(Q) min{£(0 N Bz, 2*H11(0)) N E), £(0 N Bz, 2 11(0)\ B}
< 23n+3an% Cl27* 1 QH (@ N Bz, 2% 1(Q)) N 8,.E).

We can conclude that

/ f@dz = sz"“ﬁ( U BG. 2”‘*21(Q)))
R i=1

ZEE,'
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< 8" iz—i-ﬁ-l Z [,(B)
i=1

BEBI'

< 251 127k 1(0) Y HTNQN B 2 F Q) NaE)

i=1 BeB;

1
< 26 g 27 R I(QYH"TH(Q N OLE),

finishing the proof of (9).

4 Weighted fractional (g, 1)-Poincaré inequality

In this section, we prove our main result Theorem 4.1, the weighted fractional Poincaré
inequality in the case p = 1. This improves Theorem 2.10 in [15]. Observe that by choosing
u = L, we obtain the non-weighted fractional Poincaré inequality. Recall that Md s
the local fractional dyadic maximal function. Since it is pointwise bounded by the fractlonal
maximal function, Theorem 4.1 also holds with My 1 in place of Ma oMt

Theorem4.1 Let0 <8 <1, 1<g =<5, a=n—qn—39), f € LIUC(R")andlet,ubea
Radon measure with u < L. Then there exists a dimensional constant C such that

1
(/|f fQquM>q<C(1 5)/ ) = Ty g ey e

lx — y|n+s

for every cube Q C R".
Alternatively, we can assume that p is a general Radon measure and the claim holds for
any continuous function f.

Note that the conditions on the parameters in Theorem 4.1 can also be written as 0 < o <
—

§<1,q="=5

Remark 4.2 The proof of the theorem given next is for the Lorentz norm, namely the L?
norm in the left of the claim of the theorem can be replaced by the || - || 4.1, norm, namely

o0 1
If = follratqw :q/o wu(€2y) 2 da,
where Q) ={x € Q : |f — fol > A}
Proof of Theorem 4.1 Fix Q C R" and denote Q) = {x € Q : |f — fp| > A}. It holds that

g-1 A 1 q-1
2 () 5(/ M(Qzﬁdt> .
0
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since 2, C Q; for 0 < ¢t < A. By Cavalieri’s principle, this implies

1

1 00 .
(/Qlf—fglqdu>q = ("/o Ao Nl f - fol > x})dA)
(q / h A‘f—lu(szu%‘u(mﬁdx)g

0
0 A 1 q-1 1 7
(q / ( / M(Qtﬁdt> u(fzx)adx)
0 0 (10)
1 1
5q5(/ u(sztﬁdr) ' (/ u(m)ﬁdx>
0 0

00 1
< 2/ w(€2;) 4 dr
0

IA

o0

f 1 1
=2/ Qu(Qﬂ{f<k})5dx+2/ w(Q N {f > Apada.

fo

The previous two terms swap when replacing f by — f. Thus it suffices to bound the second
term. We split it into two parts

00 1 max{m s, fo} 1
/ M(Qﬂ{f>?»})"d?»=/ WQN(f > ADida
fo fo
N | (11)
+/ WO N (f > AP ida.

max{m¢, fo}

We abbreviate the maximal median of f over Q by my = m ¢(Q).
For the first term in (11) it suffices to consider fp < m . Recall that L(Q N {f > A}) >
L(Q)/2 for A < m . By the definition of fp, it holds that

9] f
/ E(Qﬂ{f>k})dk:/Qﬁ(Qﬂ{f<A})dA.

fo -

Using these facts, we get

max{mf,fQ} 1 1
/f n(@N{f >aihadi < (my — fo)u(Q)e

[
1
w(Qe [
2 c ADdi
< o J, on{f>xip
wQ)i [
2 L A)da
< o Jy, on{f>Ai)
1
7 f
- 2’2((QQ)) _Oi L(ON{f < Apdr

1 m
< 2?7’*@)’:5 / "L <,
L(Q) n J-oo
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where in the last inequality we used £(Q N {f < A}) < £(Q)/2 for A < my. Denote

Ar(x) = QN B(x,27°1(Q)) \ B(x,27*7"1(Q))
for k € N and
K5, = [logs (10Q)/£(Q N {f < D7)
for A < m s. Then we have

L _L@N{f <) _

1
2kn = £(0) =2

for every k > K, A < my. Thus foreach k > K, A < my, we may apply Lemma 3.3 with
s =0for E = {f < A} on Q to obtain

n— 2k
LON{f < )»})Tl < C1@/Q]£ o [T(f<ay(x) = I{r<ny(¥)dydx.
x(x

We multiply both sides of the previous estimate by 27%1=% and sum over k > K to get

i o 2K

2 KI=Don(f <ah <C 7/][ i <ay () = Lir<py(y)|dydx.
- 2@ o e e

k=K,

Furthermore,

- = “321=s 1(Q)1—?

i Jokioy _ 2700 270D Lo < W11 Lonif <
R - 1 —2-(=8 = 1 _28-1 1(Q)178

By combining the two previous estimates with (7), we conclude that

nes 2k(n+5)
QO < G- o [ i1y = 1 ldyds,
keN 0 JAp(x)
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where C, = 2"12C| /o). It follows that

max{mf,fQ} 1

/ W@ N (f > A idA

fo

ngM/m LON{f <) dr
L) e

20,(1 )“(Q) /mf 2k(n+5)// 7o () = 17—y (0)ldydxdi
=< - P —— < - <
=22 £ )nna l(Q)"J”S 0 4 {f<apX (f<xy)idydx
1
2k(11+5)
= 2051 — ) 1D +5// / T2y — 1y <x) () [drdydx
LO) T 1(Q)” AL(x)
(12)
2k(n+3)
<2051 —8) L (Q),,qs — / / 1f@) = f()ldydx
L keNKQ)
1
<205(1 — M(Q)q // [ f(x) — f_g)ldydx
= keN Ay X ="

1
<2051 — M(Q)”‘ié / / |f(x) — f(f)ldydx
0NB(1Q)2) X —ynT

ILf ) = FO)

.
Ty M g,

<2C(1 —5)/
Jo

where in the last inequality we used

n(Q)

———— <MY pu(x)
n=s, — a0
L£(Q) =1
forevery x € Q.
It is left to estimate the second term in (11). In that case, we have £(Q N {f > A} <
L(Q)/2 since A > m . We apply Lemma 2.1 for E = {f > A} on Q at level 1 5 to obtain
a collection {Q;}; of Calder6n—Zygmund cubes with 1(Q;) = 2~ Ni1(Q) for some N; € Ny

such that Q N {f > A} C |J; Q; up to a set of Lebesgue measure zero and
Lo_L@intf>a _1
on+1 L£(0) -2

Fixi € Nand letk > N; + 1. We apply Lemma 3.3 with k — N; instead of k and s = 1 for
E = {f > XA} on Q;. Observe that 2-k=N)1(0;) = 27*1(Q). For every k > N; + 1 we
obtain

LN T <2 D LN {f > AT

2"C s — lyy= dyd
= 1(Q)/,][mk(x)| (00 = Lr=nldyds,

where Az (x) = O N B(x, 27K 1(Q)\B(x, 27%~11(Q)) as above. Multiplying both sides by
27*(1=%) and summing over k > N; + 1, we get

Z Z_k(l_B)E(Qi)% <2nc Z ](Q) / ][ » ) f>A (x) —l {f>1) (y)ldydx
i iNAg(x

k>N;+1 k>N;+1
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We note that

2~ (Ni+1)(1-5) 2-(1=8) ()1~ 1 1)

Z 7—k(1=8) _ = > .
Pva 1—2-U-9 1 —2-0=9 1(Q)I=% = 2(1 —68) 1(Q)!?

By combining the two previous estimates with (7), we conclude that

2k(n+8)

n—34
£ < C3(1—9) —/ / 11722y () — 1y () ldydr,
l %I(Q)’H—a Qi J Ap(x) =4 (=4
where C3 = 22"*2C, /o,,. Since

wents>m=unJe)

by Lemma 2.1 and

MO MY o (x)
L(Qi) w1
for every x € Q;, it follows that
WO N{f > 17 =3 w7
1
n(Qi) ok (n-+8) / /
=odn lis> = lir> dyd
! )Zﬁ(Q) " ZI(Q)”” ,- Ak(x)| (=1 () = Lgp=3)(y)|dydx
Cs(1 ) 2k(n+8) 1 1 d Md ld
< — o — 1 g L
3( )Zl(Q)n—HS Z/Q, /Ak(x)l (>0 () = = )Idy (M o e(x)) 7 dx
2k(n+8)

1
<c3<1_5)21(QW/Q/Ak(x)u{m}(x)—1{f>x}(y>|dy(Mg,Qu(x»«fdx.

Integrating both sides in A, we obtain

> 1
/ WO LF > )id
max{mg, fo}

2k(n+8)

o ]
< C3(1-9) 7,,/ / / 1122y () = L=y (MIdAdy MS pp(x)) @ dx
3 kXI;Il(Q) 0 JoJarw Jmy = =4 2

2k(l1+(3)

](Q)n+8
<C3(1_5)Z//A |f(x) — f(y)ld (Mgfgu(x))ﬁdx

Pt Ly X =yt

§C3(1—8)Z //A () = FOIdy (ME a(x))7dx

13)

<C3(1—8)// |f(x) — f(y)ldy(Mg.QM(x));dx
ONB(x.1(Q)/2)

|x _ y|n+5

e 5)/ 10 = SOy it oy

lx — y|n+8
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By combining the obtained estimates (10) to (13), we conclude that

1
</|f wid,L)" =ci- 8)// T y|f+(§)|d (ME, o1 (x)) ¥ dx,

where C = 4(2C; + C3) = 224 4 2715 C) /o, O

For a Radon measure satisfying a polynomial growth condition, the following fractional
Poincaré inequality holds.

Corollary4.3 Let0 <5 < 1,1 <g < HL a=n—qgn-25), felLl
Radon measure. Assume that there exists a constant C,, such that

r(Q) < C (D"

for every cube Q C R"™. Then there exists a dimensional constant C such that

(- <chen-o | 22 o

for every cube Q C R".

(R™) and 1 be a

loc

Remark 4.4 We remark that this result combined with Theorem 6.2 with p = 1 yields the
classical Meyers—Ziemer theorem [21].

Proof of Corollary 4.3 Fix a cube Q C R”". By the assumption, we have

u(Q"
M¢ Ju(x) = sup “« <
@0 0=, Ly~
Q'eD(Q)
for every x € Q. Thus, by Theorem 4.1, the claim follows. O

5 From fractional (1, 1)-Poincaré inequality to fractional
(g, p)-Poincaré inequality with A, weights

In this section, we show that the fractional (1, 1)-Poincaré inequality implies the fractional
(g, p)-Poincaré inequality. Moreover, we are able to obtain the result with A, weights as
conjectured in [15].

We recall briefly some concepts about the classes of Muckenhoupt weights. A weight is
a function w € LllOC (R"™) satisfying w(x) > 0 for almost every point x € R”.

Definition 5.1 Let w be a weight.
(i) We say that w € A if there is a constant C such that
Mw(x) < Cw(x)

for almost every x € R". The A; constant [w],, is defined as the smallest C for which
the condition above holds.
(ii) For1 < p < oo wesaythatw € A if

’ p71
[wla, = SUP][ wdx(][ w!=P dx) < 0.
0 Jo Q
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(iii) The Ao class is defined as the union of all the A, classes, that is,
U 4
1<p<oo

and the A4 constant is defined as

[w]a,, = su p w(Q)/M(le)dx

Recall that for 1 < r < p < oo we have
clwla, < [wla, < [wla, =< [wly, (14)
for some ¢ > 0 depending only on the dimension.

We observe that the fractional (1, 1)-Poincaré inequality implies the fractional (1, p)-
Poincaré inequality with A, weights on the right-hand side. However, note the extra factor
1
57! that appears in front.

Corollary5.2 Let0 <8 < 1,1 <p<oo, f €L
dimensional constant C such that

1
][If fold = Clul] (5__‘3) 1(0) (w(Q)/ 7'f(")_f(y)'pdyw(x>dx)”

|x — y|n+op

IOC(R") and w € Ap. Then there exists a

for every cube Q C R™.

Proof Let 0 < & < §. By Theorem 4.1 with u = L, there exists a constant C such that
|f(x) — f(»)]

0 - e dydx. (15)

][ \f = foldr < C1(1 -8 +s)1(Q)‘H][
0 0

If p = 1, the claim of the corollary follows from (15) with ¢ = 0 combined with the definition
of Ay weights. It remains to consider p > 1. Assume 0 < ¢ < § and fix x € Q. Then by
Holder’s inequality we have

1 1
Lf ) = fI (/ 1 >7< Lf () = fI? >F
——d —d —d
o |l —y|rti=e v = o lx —y[r=ep g o |x—y|ter g

1 l(Q)8< @) = FON )i
0

3
20
S(I’l )p |x_y|n+6p

EP
We plug this into (15) and apply Holder’s inequality once more with the definition of A,
weights to get

1 1
][Qlf — foldx < C21(Q)° : _i+8 ][Q( 0 /) = ‘f(y)lpdy) ' w(x)ll dx

— y|nts 1
er b — yl+er w(x)?

p—1

1
=< Czl(Q)a - 81+ ¢ (][ EAC f(;/)l" dy w(x)dx) ! (][ w(x)lfpldx) !
i 0Jo |x—y|"tor 0

er

1
slodte, 5 (1 @) = fOI ’
<010 — [w]A/,(w(Q)/Q , dyw(x)dx)

er I)C - Y|n+5[’

with Cy = Cy max{l, n%a,,} < 92(C. Setting ¢ = min{3, 1 — §} finishes the proof. ]
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We recall the definitions of the weighted D, (w) and SD;,(w) conditions.

Definition5.3 Let 0 < p < 00,0 < 5 < 00, w be a weight and a : Q — [0, 00) be a
general functional defined over the collection of all cubes in R”.

(i) The functional a belongs to D, (w) if there is a constant ¢ such that

1
(Za(Qi)”%)p < Ca(Q)

for any family of disjoint dyadic subcubes {Q;}; of any given cube Q C R”". The
smallest constant C above is denoted by ||| p ()
(ii) The functional a belongs to § Dj, (w) if there is a constant C such that

1 1
| ,,w(Ql-))v C(ﬁ(U,» Qn)v
(lZa(Q» v ) =(Trg ) @@

for any family of disjoint dyadic subcubes {Q;}; of any given cube O C R”". The
smallest constant C above is denoted by ||a| s D3 (w)-

The following self-improving property from [6, Theorem 1.6] is relevant for us.

Theorem5.4 Let1 < p < 00, w € Ay and a € D,(w). Assume that f € L}UC(R”) such
that

F 1f = foldx = a(@)

Q

for every cube Q C R". Then there exists a dimensional constant C such that
lf— fQ||Lp,00(Q,%) = Cp[w]Aoo”a”D,,(w)a(Q)-

for every cube Q C R™.

For the stronger S D; (w) condition, we have a better self-improvement, see [18, Theo-
rem 5.3].

Theorem 5.5 Let 1 < p <00, 1 <5 < 00, w be a weight and a € SD;,(w). Assume that
fe Llloc (R™) such that

F 15 = folar =ac0)

0

for every cube Q C R"™. Then there exists a dimensional constant C such that
1f = foll .85, = Cslalisnyua(Q)

for every cube Q C R".

Another important tool that we need is the following fractional truncation method which
can be shown by adapting the proof of [10, Theorem 4.1].

Theorem5.6 Let0 <8 < 1,1 <p<g<oo f € L}OC(R”) and w be a weight. Then the
following conditions are equivalent.
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(i) There is a constant Cy such that

1
, 1 |f () = fOD)I” r
fllf— oo wdxy < C d d
I~ oo, = 1<w(Q) /Q o |x—yrtor yweads

for every cube Q C R™.
(ii) There is a constant Cy such that

: 1 lf () = fOIP )”
f - wdx < C d d
WS =l ) < 2(w(Q) /Q o |x—yprtor yweods

for every cube Q C R™.

Moreover, in the implication from (i) to (ii) the constant C5 is of the form CCy, where C only
depends on the dimension, and in the implication from (ii) to (i) we have C1 = C,.

We are ready to state and prove the main results of this section, which are the fractional
(g, p)-Poincaré inequalities with A, weights. These results extend Theorems 2.1 and 2.3 in
1
[15]. We emphasize that the factor (1 — §) 7 remains despite the singularity introduced by
the weight.

Theorem5.7 Let0 <6 <1, 1 <r<p <4, felLl
by

(R™) and w € A,. Let q be defined

loc

1 1 8

p q nr

Then there exists a dimensional constant C such that
1

. 1 q
(s )

1
L 1—8)r 1 —fo)r ;
< cqtunj i o, S0 (s [ O gy war )
si=w w(Q) Jo /o

|x — y|n+ér

for every cube Q C R".

1 8

e aa!
Remark 5.8 We remark that we could replace [w] A, [wly [w]a,, by amultiple of [w] j "

Proof of Theorem 5.7 Denote

1
1 P »
ap(Q) = Cilw ];{p(al_ I(Q)( (Q)/ 'f(") O] dyw(x)dx) ,

— y|r+op

where C| is the dimensional constant in Corollary 5.2. By Corollary 5.2, it holds that

lef — foldx < ar(Q).

In addition, by [7, Lemma 3.3] (which also holds for M = 1 corresponding to our case), we
have ay € Dy (w) such that

5
”af”Dq(w) =< [w];;rr’
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uniformly in f. Hence, we may apply Theorem 5.4 to obtain

If - fQ”Lq 20 (Q, “dr) = C2Q[w]Aoc[w] af(Q)

(1 5 [f(x) — fO)IP z

= Cq[w]Aoc[w] [ ] 1 1 (Q) (w(Q) / Wd)’ w(x)dx s
where C; is the constant in Theorem 5.4 and C = C{C,. An application of Theorem 5.6
finishes the proof. O

A better dependency on the A, constants in front can be attained at the expense of having
a smaller borderline exponent.

Theorem5.9 Let0 <8 <1, 1 <r<p<¥%, fe Lloc (R™) and w € A,. Let q be defined
by

1 1 4 1

p g nrtloglwly,
Then there exists a dimensional constant C such that

. 1 q
ot Vet ves)

1 1—8)7 r g
SR . LT (o | [ s a wear)

nr —§8p st _y|n+5p

for every cube Q C R".

Proof Denote

1
- — )P ;
ar@ =iy, =00 ) (Q)( (Q)/ 1) = FOI dyw(x)dx> ,

|x — y[top

where C| is the constant in Corollary 5.2. By Corollary 5.2, it holds that
fQ If = foldx < af(Q).

We distinguish between the cases [w]4, > e% and the opposite. Assume first that [w]s, > e% .
By [7, Lemma 6.2], we have a € SD; (w)withM =1+ % log[w]a, and s = ”TM > 1, such
that

)
] nrM ,

larlspyw) < [w

uniformly in f. Hence, applying Theorem 5.5 with ¢, we obtain

I/ = Jol <C M/[ 17ar (0 = " 1) T 4y (0)
[ Lq(Q,%)_ 2 w ar 2 ; v as
nr+log[ wla,
Cp———= 01 i
=5 Togtu, < U

. . . 1
where C; is the constant in Theorem 5.5. By the assumption [w]4, > €3, we have

I/ = Foll g, x5 ) < Clr +loglwla)ar(Q) < Criwla,ap(Q).
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where C = C|Cane!. This gives the claim when [w]s, > e%.
Assume now that [w]a, < e%. By [7, Lemma 6.2], we have ay € D, (w) such that

5 1
larlip,w <[wly <ew,
f m (W) Ay

where the exponent m is defined by % - 1= j—r Applying Theorem 5.4, we get

m
1
”f - fQ ”L”"OQ(Q,%) =< C3m[U)]AOC€’” af(Q) = Cm[w]Araf(Q)a
where Cj is the constant in Theorem 5.4, Cy4 is the constant in (14) and C = C3Cae!. Since
q < m, Jensen’s inequality implies
If=fo ”L‘I-OO(Q,%) <If- fQ”Lm,w(Q,Jff(idQX)) = Cm[w]A,af(Q)~

An application of Theorem 5.6 finishes the proof. O

6 From weighted fractional to weighted classical Poincaré inequality

This section shows that Theorem 4.1 implies the corresponding weighted classical Poincaré
inequality Corollary 6.5. For any 0 < o < n the Riesz potential I, of a Radon measure y is

du(y)
Iop(x) = _—
alt(x) /Rn Ty
for every x € R”. The following lemma is an improved version of the well-known result that

the Riesz potential is bounded by the maximal function.

Lemma 6.1 Let Q C R” be a cube, i be a Radon measure and 0 < o < n. Then

n—an

1(Q)r (Mp(x))! =

Ia(lQ/'L)(x) < o

forevery x € Q.

Proof Let O C R” be a fixed cube and x € Q. For ¢ > 0 let O, ; be the cube with center at
1
x and side lenght 2t~ »=« . Then using Cavalieri’s principle, we obtain

dpu(y) [ . 1
/Q|x—y|H _/0 “(lye C =y >’}>dt
=/0 M({yeQ:lx—y|<fﬁ})dt

Sl w(Qx1)
5/0 mln{u(Q), L(Qx’t)C(Qx,z)}dt-

< / " min{1(Q). Mt(e)2"s 7 s
0

n—a

2 (M () /()7 o0 .
=/ w(Q)de +2”/ e Mp ()t~ n=a dt
0 2n=e(Mp(x)/pu(Q))
nial’l o n—a
= T Q)T Mu(x)
Thus, the claim holds. O
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The next theorem states that the weighted fractional term can be bounded by the weighted
gradient term, but we have the maximal function of the measure on the right hand side. We
are mainly interested in the case p = 1. This theorem improves Theorems 2.1 from [16].

Theorem6.2 Let 1 < p < o0, pT_l <<, fe W,L’CP(R”) and u < L be a Radon
measure. Then

a-
|f () = FOD)IP 2”—“—‘”1’ / »
/Q 0 Ix o dydu(x) < —5p 1—(1—8) IVFI? M(1gu))'™ RERE:
for every cube Q C R". As a direct consequence,
_ P n=(1=8p, 1(0y1-Dp
/ ORI OIS n Q) / ¥ 1P ML gy,
oJo |x—ylrtor (1=8p 1-(01-

Alternatively, we can assume that  is a general Radon measure and the claim holds for
any continuous function f € Wl P (RM).

Proof The second inequality follows from the first inequality due to the fact that

w(@)/ Q)" < Mu(x) for any x € Q. It remains to prove the first inequality. If f is
continuously differentiable then by the Fundamental Theorem of Calculus we have

1
FO) — f) = /0 Vi —x0) - (y — x)dt

for every (x,y) € Q x Q. If f is a Sobolev function then the previous equality still holds
for almost every (x, y) € QO x Q. Then by Holder’s inequality, it holds that

1
Lf) = fODIP S/O IVfx+1(y —x)IPlx — y|Pdr.

Applying this with Fubini’s theorem and doing the change of variables y - z = x +1(y —x),
we get

/ QIf(X) f(y)lpdydu(x)

|)C _ |n+8p

/ / IVf(X+t(y—X))|”dydth(x)

=yl (=9

_ \VS@IP e Ur

_/Q/O ‘/(lft)ertQ |x_Z|n—(1—5)p n dZdldN(X)
IVf(@)IP o

S//le—zln—(l_‘w A t(l_a)pdtdzd,u(x)

p(x)
o P /| f(z)l"/| .

Here we used (1 —#)x +¢tQ C Q forx € Q and (1 — §)p < 1. By applying Lemma 6.1,
we obtain

n—(l—S)pn

1
/deﬂ(x) =Ia-s)p(lon)(z) < WM(Q
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for every z € Q. Hence, we conclude that

(= S)p

/ IfG) = FODI” 4 @) < 2= (=Drp 1u(Q)
0J0

| G=dp
ey vdu (ST /QIVf(Z)IP(Mu(Z)) dz

This completes the proof. O
For A weights, we can replace the maximal function in Theorem 6.2 by the weight itself.

Corollary 6.3 Let "; <8<1, feW, (R andw € Ay. Then

(1— 5)/)

[f(x) = fFDI? 20=0=ry w(Q) 1-4 ””/ -0
VA 7 JVIT v £|P
/Q o br—yprar WO T g, VI
for every cube Q C R". As a direct consequence,
— P n—=(1=8)p, 1(0)1-dp
[ [ gy weoas < LG, [ 191w,
oJo Ix—ylmtor (1=8p 1—(1—=8p 0

Proof The second inequality follows from the first inequality due to the fact that
w(Q)/L(Q) < [w]a,w(x) for any x € Q. It remains to prove the first inequality. By
Theorem 6.2 and the definition of A| weights, we get

a-= 5)1)

— n—(1-6)
/ Mdyw(x)dx Py "n w(Q) / ¥ 1P vy~ 2 g
0Jo Ix—yrtor (1—=8p 1—(1—8p
n—(1-8)py, w(Q) (- 5)/: 1—(1_:)1’ g gt
= U—op 1-a-sp " /QIVfI w dx.
[m}

The next lemma is the coarea formula for Sobolev functions [24, Proposition 3.2].

Lemma 6.4 Let f € Wl o Y(R") and let g : R" — Ry be a measurable function. Then

/IVf(x)Ig(X)dx:/ / g()dH" ! (x)dA
E —00 J ENdy{f>A}

for every Lebesgue measurable set E C R".

Combining Theorem 4.1 with Corollary 6.3 we obtain the corresponding weighted clas-
sical Poincaré inequality. For thoroughness, we also give another, direct proof for Corollary
6.5 by applying the coarea formula and the relative isoperimetric inequality (Lemma 2.2)
instead of Lemma 3.3.

Corollary6.5 Let 1 < g < “q,a=n—qgn—1), f € wh ](R") and let i be a Radon

loc
measure with @ < L. There exists a dimensional constant C such that

</|f fQI”dM>q <c/ IV F1OME, 107 dx

for every cube Q C R".
Alternatively, we can assume that |v is a general Radon measure and the claim holds for
any continuous function f € Wh1(R").
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Proof 1 We prove the claim first for | < ¢ < -“4, which means 0 < o < 1 For any

a<d<lletgs = ,u)% isan Aj

weight with

15"4n
8
by for example [15, Lemma 3.6], and we may apply Corollary 6.3 with p =1 to get

30"n 221+5
// /) = l{:g”d M () dx < WI(Q)l 8/ IV F1 (M, ) dx.

Q‘_

(M o5 ], = [ME puyieia], <

Then Theorem 4.1 further implies that there exists a constant C such that

1
(f1r=soran)” =cia—a [ [ FO=TDay ot gucenas

<3 o~ 5/ IV £ (ME, i) d,

where C = 30"4n>C). For any function g : R” — R the restriction g% 1 ¢<1 is bounded
by 1, and g% 1. is pointwise increasing in 8. Thus, by the monotone and the dominated
convergence theorem both sides of the previous display converge for § — 1 to the desired
limit, concluding the proof for g > 1.

In order to prove the claim for ¢ = 1 we have to differentiate between the two alternatives
in the assumptions of the corollary. We first consider the case that f is a Sobolev function
and p is absolutely continuous. Then p has a density function v € LlloC (R™) by the Radon—
Nikodym theorem. Let k € N and denote by jx the truncated measure that has the bounded
density min{v, k}. Then (Mg’ oMk (x))‘il is uniformly bounded in &, ¢ and x and converges

pointwise to M‘liy oMk (x) for g — 1. Thus by Fatou’s lemma and the dominated convergence
theorem we have

/|f—fQ|de Sliminf(/ |f_fQ|quk>q
0 g—1 0

1
< Clirninf/ IV £ (MG, o 11x) @ dx (16)
qg—1 0 ’

=c/ IV £IM{ o pidx.

Because pj converges to n and M1 oMk converges to md oM pointwise monotonously from
below we can use the monotone convergence theorem to conclude from the previous display
that

[ 17 = ot = im_[ 1~ oldu
0 k—00 0
< Ckli)nolo/ IV £FIM o pidx (17)
0
=c [ 1w g
finishing the proof for ¢ = 1 in the case that f € Wloc (R™) and p < L.
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In the case that f is continuous and p is a general Radon measure the proof goes the same,
except we let pu; not be a truncation, but instead the measure that averages p over dyadic
cubes of scale 2% 1(Q), i.e.

_ p(P)
m(E)= 3 LENP) T
PeDr(0)

1
Then (Mg’ Q,uk(x))? is uniformly bounded in «, ¢ and x and converges pointwise to
M‘lj oMk (x) for ¢ — 1, which means we can conclude (16) also in this case. Also M?,Qﬂk

converges to M oM pointwise monotonously from below. Furthermore, 11 converges to i
weakly, see [12 Theorem 1 .40]. Thus, we can conclude (17) also in this case, finishing the
proof for g = 1 also in the case that f € Wloc (R™) is continuous and f is a general Radon
measure. O

Proof2 Fix Q C R" and denote 2, = {x € Q : |f — fol > A}. As in the proof of Theorem
4.1, we reduce the problem to bounding the sum

max{my, fo} 1 o0 1
A MQ0U>MVM+/‘ W(QN{f >Didh,  (18)

'Q max{m‘/-,fQ}

and estimate the first summand by

fo i
/ LON{f <A)5dr <20 “(Q)”_l / =10 NS < A)da
- L(Q) w J-o0

)rt

szcl ”“(Q) /IVf|dx

< 2C1/ IV fl (Ma,QM)de,
Q

yul Q)7 M(Qﬁ
L)

where we used L(Q N{f < A}) < £(Q)/2, Lemmas 2.2, 6.4 and

DT M9 et
L)

for every x € Q.

It is left to estimate the second term in (18). In that case, we have L(Q N {f > A}) <
L(Q)/2 since A > m y. We apply Lemma 2.1 for E = {f > A} on Q at level % to obtain a
collection {Q;}; of Calderén-Zygmund cubes such that Q N {f > A} C |J; Q; up to a set
of Lebesgue measure zero and

I _L@in{f=aph _1
on+l ﬁ(Q ) -2

By Lemma 2.2, we have

< 2(n+1) [:(Qz N{f > A) vl < CoyH"™ 1(Qz Nos{f > A}),

where C, = 2"Cj. Since

wenif > =u(Jo)

@ Springer



205 Page 28 o0f 32 K. Myyryldinen et al.

by Lemma 2.1 and
w(Qi)
DU
L(Qi) ™1

for every x € Q;, it follows that

< M; ou(x)

WON{f =7 = Y w(Q)

eyt O 4010, a1
i z)"

1
fczz/ (Mdl Qu)qu” !
i

iN0x{f>1}

s gt
0Nd{f>2}

Integrating both sides in A and applying Lemma 6.4, we obtain

o0

/ WQO(f > )idh < Cz/ (Mg,Qu)gdH'de

max{m ¢, fo} max{my, fo} -/QQB*{f>A}
1
<G / V.1 (M 104 dx.
0

We have bounded both summands in (18) which means we can conclude that

</|f fQquu>q <c/ V1 OME )7 d,

where C = 8(1 + 2" 1 (. o

7 Examples against weighted (g, p)-Poincaré inequalities for p > 1 and
against a larger fractional parameter

In this section, we prove that the corresponding L”-versions of the weighted fractional and
classical Poincaré inequalities Theorem 4.1 and Corollary 6.5 do not hold. This is motivated
by [15, Theorems 2.4 & 2.9] where sub-optimal results were obtained.

More precisely we show that for every cube Q C R", 1 < p <n,p < q < 2L

oa=n-— 7(n — p), and C > 0 there is a Radon measure ;+ < £ and a Lipschitz functlon

with
1 1
q P P
(/Qlf—fglqdu> >C</ |Vf|p(Mau>6dx) , (19)

and that forany 0 < § < 1,1 < p <min{%, {5} p < ¢ < nna Lo =n— q(n—Sp)
and C > 0 there is a Radon measure ;1 < £ and a Lipschitz functlon f with

1 1
q 1 [f(x) — fDIP 2o \7
_ q — P A A q
(/Q|f fol d,u) > C(1—-9) (/Q 0 NI dy Mg pu(x)) dx>

(20)
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We do not know if the condition p < ﬁ is necessary.

Moreover, we show that giveng > 1 (and §), the valuee = n—q(n—1) (ore = n—q(n—=4)
respectively) for the fractional parameter is the best possible for which Theorem 4.1 and
Corollary 6.5 hold in the following sense. For any ¢ > 0 we have the pointwise inequality
Mg’ Q,u(x) < I(Q)EMgfg’ Q,u(x) forx € Q.Hence, Theorem 4.1 and Corollary 6.5 also hold
with 1( Q)SMg_E’ 0 i (x) instead of Mg’ 0 (x). This argument clearly only works for ¢ > 0.
And indeed, we show that Theorem 4.1 and Corollary 6.5 fail when we replace Mg_ oH(x) by
1(Q)~¢ Mg +e Qu(x) with any ¢ > 0. We show this even for the fractional maximal function

Mgy e which is larger than Mg’Q W up to a constant. More precisely, we show that for any
l<g=gy,a=n—-qn—1),e>0andC > 0 there is a Radon measure 1 <« £ and a
Lipschitz function f

1

q 1 1

(/|f—fQ|qu) >C §/|Vf|(Ma+eM)"dx, 2n
Q 1(Q)s Jo

and thatforany0 <8 < 1,1 <¢g < -2, a=n—q(n —3),e > 0and C > 0 there is a

n—3e’

Radon measure ;1 < £ and a Lipschitz function f with

1

i 1-s - '

( / If—fQquM>q s | M) = TN g My e id. 22)
0 Q) JoJo Ix =yl

We proceed with the proof of (19) to (22). Let Qo C B(0, 1) be the cube with center 0 and
sidelength 1/,/n. By translation and dilation it suffices to find a function f and a measure u
which satisfy (19) to (22) on Qq. Consider the sequence of absolutely continuous measures
and Lipschitz functions

_ L(B(O,e)NA)

pi(A) = LB, ) and  fi(x) = min{—log|x|, k}

with k € N. Denote

/ [ feldx < / |10g|x|’dx =c < 0.
Qo Qo

It holds that fi (x) = k for |x| < e k. Thus, for k > ¢ we have

q
([ 1= Goaotan) ' =k 3)
Qo
for any ¢ > 1. Furthermore for any 0 < o < n we have

Myt (x) < C Cy
X
oMk = (xl+e

—k)n—a = |x|n—a

for some dimensional constant C; and

1
IV fi(x)| = *1{‘.‘2671(}()6).
|x]
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Let p > 1, g and « be as specified for (19). Then
r r
[ Vil ot tar < [ 190 M fas
Qo B(0,1)
"1 (a—mL 1
< na,,C1 / 1{,>e_k}r " dr
o P =
1 p
— CZ/ r—p+(a—n)5+n—ldr
e~k
1
= C2/ poP(=prn=ly,
e—k

L
= Cz/ —dr
ok T

= Cy(log(1) — log(e ™))
= Cok,

24)

P
where C; = no,C{ . Choosing k € N large enough, for example

1
k> (CCy + c)%,
we use (23) and (24) to conclude (19) for p > 1.
We use the same sequence of functions and measures to satisfy the remaining inequalities
(20) to (22). In order to find k such that wy, fi satisfies (21), let p, @, g and ¢ > 0 be as
specified there. Then we have

1 1 & 1
. / I fil Mo dx < n / IV fill (Mase i) dx
1(Qo)« B(0,1)
1 1
£ 2 1 _ L
SnH?qanC]"/ 71{r>efk}r(a+g a1y
o r -
1
— C3/ r(a+£7n)é+n72dr (25)
efk
1 ey
= C3/ ra-dr
e—k
C e
= 21— emib,
&

. 1
where C3 = nHEanC . Choosing k € N large enough, for example

20CC
_201CCyq
&

we use (23) and (25) to conclude (21) for ¢ > 0.
In order to find & such that [Lk fr satisfies (20) and (22), we first note that by for example

[15, Lemma 3.6], both (Mg ) @ 7 and (MOH_S,u)q are A1-weights with
15"4n
pd

[Map) 7],
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15"4n

1
[(Marem)t],, < —os.
(n—9)
KR =2

Since by assumption we have § > 0 or § > ”TT] respectively, we can apply Corollary 6.3

1
with w = (Mg u)g and w = Mg4.1) 4, and we conclude (20) and (22) from (19) and (21)
respectively.
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