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Abstract
We consider the Haar functions hr on dyadic intervals. We show that

if p> 2 and E C [0,1] then the set of all functions ||hs1g||; ' hrlp with
|[INE| > p|I| is a Riesz sequence. For p < % we provide a counterexample.

1 Introduction

In this paper we prove a stability result for perturbed Haar functions. It grew
out of the author’s Master’s thesis [6], written in Bonn under the supervision of
Professor Christoph Thiele. It was motivated by an idea on how to to extend
the result in [3] to three general functions.

The Haar function of the interval I = [a,b) is given by

hy=—-1p+1p,

where I' = [a, 2F2) and I* = [%E,b) are the left and right halves of 1. We

consider the Haar functions of the dyadic intervals
D= {[k2",(k+1)2") | n,k € Z}.
The main result of this paper is the following theorem.

Theorem 1.1. For each p > % there is a constant ¢ > 0 such that for all
measurable sets E C [0,1) and all sequences (ar)jep with ar = 0 4if |[INE| < p|I|,

we have )
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whenever the right-hand side is finite. For p < 2 there is no such constant

3
c> 0.

Remark. The proof strategy of Theorem resembles the well known Bellman
function technique as for example in [5]. A rephrasing of the proof which re-
sembles the Bellman function technique more closely can be found in Section
2.1.5 in [6].

The proof also yields an explicit value for ¢. We discuss its optimality in
Section {4l Furthermore, if the right-hand side of converges, then the sum



on the left-hand-side converges in L? because for any finite subset Dy C D we
have
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H Z alhllEH2 < H Z thIHz = Z larh]3 < » Z lazhrig|3.  (2)
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This also implies with Dy = D, which means that a reverse inequality of
holds as for all p > 0.

In a more general setting, a sequence V in a Hilbert space is called a Bessel
sequence if

2
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holds, and a Riesz sequence if in addition also
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holds, where the constants ¢ > 0 and C' < oo respectively are independent of
(ay)vey C £2(V). Inserting thaﬁ for ar in shows that for all p > 0, the
sequence

V:{hllE ‘IGD, |IﬂE|>p|I|} (3)
[hilsll2

is a Bessel sequence with constant %. Theorem [1.1|states that if p > % then
is also a Riesz sequence. A weaker result already follows from the well-known
Kadison-Singer Problem, which was resolved recently by Marcus, Spielman
and Srivastava in [4]. In doing so, they also solved the numerous equivalent
problems, one of which is the Feichtinger Conjecture, which states that every
Bessel sequence can be partitioned into finitely many Riesz sequences. This
means it can already be concluded from that there is a finite partition of
into Riesz sequences. Building upon [4], Bownik, Casazza, Marcus and Speegle
also proved a quantitative version of the Feichtinger Conjecture in [I]. For the
specific setting of restricted Haar functions, their Corollary 6.5 in [I] reads that
if p > % then can be partitioned into two Riesz sequences. Theorem
improves on that because it already applies for p > % and states that is
already a Riesz sequence prior to partitioning.

For more details on the relation of this paper to other work; see Section

2 Proof of the Case p > %
>

For n € Ny denote D,, = {I € D | |I|
weighted inequality,

2
H > alhllE‘ L) > > larhigl3.

1€D, 1€D,

27"}, The idea is to first prove a

The weights are introduced in order to allow a proof by induction on n. They
will be uniformly bounded from above, so that the case p > % of Theorem
follows from the weighted inequality.



The weights w,, look as follows: Fix % < p < 1. Define g : [0,1] = R by

p(2—p)
g(q) = 1+ Gr—2)0p—2q9) ¢ 2D (4)
a
9(p); q<p.
It is well defined because 2¢ < 2 < 3p. Now on each interval I € D, 11 \ D,
abbreviate q; = IUI]El and assign w,, the constant value % ifgr >0. If gy =0

then the value of w, does not matter. The properties of g that we need are
collected in the following proposition.

Proposition 2.1. Let % < p < 1. Then the function g has the following

properties:

1) For all ¢1,¢2 € [0,1] and a € R with % > por a =0 we have

(1—a)

a)? 1+ @
5 9la) + &g(fh) - g(%) > a’. (5)

2
2) There is a constant C' > 0 s.t. for all ¢ € [0, 1] we have

q<g9(q) <Cq. (6)

Proposition [2.1] is the crucial step. After that it requires not much more
than bookkeeping to conclude the case p > % of Theorem In order to prove
Proposition 2.1 we first show the Lemmas 2.2 and [2.3]

Define g : [0,1] — R by

p(2 —p)
3p—2)(3p —2q)’

§(Q):1+(

so that g = g on ¢ > p.
Lemma 2.2. Let g1,¢2 € [0,1], a € R. Then

1—a)?_ 14+a)?_ (41 +q
B9 gy + XA g(qz)—g( - 2) > a?.
2 2 2
Proof. For i = 1,2 take x; s.t.
1
Ggi) =1+ —.
9(q:) t

Then z; > 0 and

- q1+qQ) 2
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Hence it suffices to confirm the positivity of
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which is a quadratic polynomial in a. Since z1 + z2 > 0 and ﬁ > 0 it has a
positive leading coefficient. The discriminant is

X122 ) 2
—(x1 —x
P (1 — x2)

= (21 + 22)% —da179 — (21 — 22)* =0,

(IL’l +’I2)($1 +$2 —4

and so the minimum of the polynomial is zero. O

Lemma 2.3.
9(2p—1)=g(2p—1).

Proof.
i
2p 2]9—1:1+ p — G- 1)

:3p—2 p 3p—2
O

Proof of Proposition[2.1 Lemma with @ = 0 implies that § is midpoint
convex and thus convex. By Lemma and by the definition of g(p) we have
that g(q) = g(q) at the two values ¢ = 2p — 1, p. This means that on [0, p] the
function g describes the line that passes through these two distinct points. On
[p, 1] recall that g = §. It follows from this that also g is convex. This means that
holds for @ = 0 and so it suffices to consider the case % € [p,1]. There we
have ¢; > 2p — g2 > 2p — 1 and similarly ¢» > 2p — 1. From the considerations
above we then get g(q1) > g(q1), 9(g2) > 3(g2), g(25%) = §(“5%) which
implies that for all a we have

(Gl ;a)Qg(ql) R +2a)29(q2) —g(% ;qg)
> L0+ W 50 (25 2) >

where the last inequality follows from Lemma [2.2] This finishes the proof of
B).

The upper bound in @ holds for C' = g(1) because g is convex and non-
negative and g(0) = 0. For the lower bound, recall that for ¢ € [0, p] we have
9(q) = Lg(p), so that convexity implies g(q) > Tg(p) for all ¢ € [0,1]. It follows
from the definition of g that g(p) > 1 and therefore g(q) > % >q. O

The following lemma translates Proposition [2.1] into our setting of Haar
functions on weighted L? spaces.

Lemma 2.4. For every n € N we have

2 2
H Z thllE‘ Lo — H Z thllE‘ Lo > Z larhilgl3 (7)
I€D, 41 (wn+1) IeD,, (wn) IGDn+1\Dn

and
1<w, <C. (8)

The constant C is the same as in Proposition [2.1



Proof. Recall that on I € D,, 1\ D,, we assign w,, the constant value < (qI) with

qr = ”‘r}f' if gy > 0. Where |I N E| vanishes, the value of w,, does not matter

because the integrated function in is zero a.e. on such I anyways.

First note that is equivalent to @ We prove @ using mostly ().
Partition the domain of integration on the left-hand-side of @ into Dy 41\ Dy,
so that the inequality becomes

2 2
Z / [ alhf) Wyl — ( Z a1h1> wn]
JEDw1\Dn " EN L N 1eD, 1 I€D,
2
> Z /(a]hj) .
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We prove this inequality for each summand J € D,, 41 \ D,, individually. So fix
J € Dpy1\ Dy. Then for each I € D,, the function h; is constant on J. That
means we may write

1J Z a[h[:leJ
I1€D,

for some by € R. For I € D41 \ Dy, the function h; is nonzero if and only if
I =J, so that

1; Z arhy =bjl;4+ashy.
I1€D, 41

So it suffices to show

/ErU [(bjl'] +ashy) wngs - (5!11.1)210”} B /E(aJhJ)2 9)

in order to prove . Write

"N E| _|JTNE| a+aq  |JNE|
q1 = |J1| ) g2 = |Jr| ) 2 - ‘J| )
so that we have
q1t+4q2
Lpwnir = g(q1>1J1» Lyrwnyr = 9(a:) L, Lywn = a("5%) 2 )1J~
@ q2 alaz
2

if the respective denominators are positive. Evaluating the integrals, @ then
reads

r q1+4q q + q
(b = an)* Y glar) + (bs + an)?|Vlgla2) = V31l (B2 ) = 11 B 23,
also if q; or go are zero because g(0) = 0. Then divide both sides by |J\ For
by = 0 we obtain
an(Q1) -;g(qz) S @ ‘;Q2a§.
This inequality holds due to the lower bound in @ In case by # 0 we addi-
tionally divide by b% and obtain

(1- Z—j) %g(ql) +(1+ Z—j)%g(qz) ~g(* J;”) >4 ;qz (%)2




This inequality is a consequence of because % < 1. Note that we can also
obtain the case b; = 0 from by sending a; — oo, instead of from (@ That
way we would even get the stronger inequality without the factor %. O

Proof of Theorem in case p > 2. We use Lemma Because Dy = {[0,1)}
consists of only one interval we get

2
H > alhllE’ L) > > llarhiisls (10)
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from the lower bound in . Summing up and @ forn=1,...,k—1 we

get
2
HE thllE‘ > E larhrig|3,
L2 (wy)
I1€Dy, 1€Dy,

and the upper bound in allows us to get rid of the weight

2
C
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This proves the part p > % of Theorem with ¢ = (11.1f we only consider finite
i

sums. For infinite sums where the right hand side of (1) converges, we may also
pass to the limit n — co with the help of (2). 0O

3 Proof of the Case p < %

Fix E = [0, %] We build the counterexample from the sequence of dyadic
intervals (I2n)n=0,1,..., defined inductively by
Iy =[0,1],

12n+1 - IQnra
1
I2n+2 - I2n+1 .

Lemma 3.1. For all n =10,1,... we have
n 2 1
[ =277, [I2n N E| = 3|I2n), {zn+1 N E] = gll2n41].

Proof. Tt is clear that we have |I,,| = 27". For the other statements we proceed
by induction on n. For n = 0 we have

o.unfo.3]|=3 =310,

'3 3
b33 4]
2’ "3 3 2 6 3|L27
Now assume the lemma holds for n. That means that the point 2 lies £ |21
to the right from the left boundary of I3, 1, i.e. %|]2(n+1)| to the right from the
left boundary of I5(,11). Therefore we have Iy, 41y N E| = %|]2(n+1)|. That
in turn implies that the point % lies %\Ig(n+1)| to the right from the midpoint
of Iy, i.e%|I2(n+1)+1| to the right from the left boundary of Ip(,41)41-

Therefore we have [Iy(,+1)41 N E| = %|12(n+1)+1|, finishing the proof of the
lemma for n + 1. O

o Wl



Further set

a():l,

Aop = 2n—17 n Z 1.

. oy . 2
The following proposition proves the case p < 3 of Theorem [1.1

Proposition 3.2. For each n we have

- 2 n
> llaskhr, 16l = + =, (11)
3 6
k=0
HZGQkhI%lEH =3 (12)
2 3
k=0

Proof. By Lemmavve have |I5, N E| = 2272, Thus

2
laohs, 13 = 3
2 1
||a2nh12n1EH§ = 527277‘22(“71) = 63 n Z 17

which implies .
In order to prove , first note that the support of hy,, , 1p is I,," NE.
Therefore it follows by induction on n that

ZanhlzklE = 71[0,%) + 2n112nrﬂEa
k=0

since
n n __ on+1
2 112nrﬁE +2 hIQ(n+1)1E =2 112(n+1)rﬁE'

By Lemmawe have |I>," N E| = §|I,"| = 272"~ so that we obtain

- 2 ] 1
h 1 H — . _1 2 72—277/—122” E=
sz_oa% del, =5 ()73 3

4 Remarks

4.1 Optimality of the Constant c

From the proof we get an explicit expression for the constant in

1 v G2t (0-3)
¢ 9(1) Bp=22+p2-p)  (p-2)°+Lp@2-p)
and since
2,4 2 24 2 8 2
2-n=0-3)3-0-3)|+33-0-3|=5+0(-3)



we have

(p—2)° 81, 2\2 1 81, 2\2 2\3
‘CTEYop-2) B (p 3) 1+0(p-2) 8 (p 3) +O( 3) '
However this constant ¢ is likely not maximal because g satisfies a stronger
bound than the required g(¢q) > ¢, and because we dropped a factor 212 in
the deduction of . We only did this because sending ¢ — ¢2 in leads
to an ODE with solution g, while with the factor qrg‘” in place we could not
solve the ODE. We did however minimize C' in some respect: There are multiple
solutions to the ODE from such that the corresponding ¢ satisfies @ and
with some C'. Among all those, g has the smallest C for p — % For a proof
of this and for more details; see Section 2.1 in [6]. In Section 3 in [6] we also
provide a set E for which we prove an explicit sharp constant c; which satisfies
Cs = 27(p - %)2 +O0(p - %)3 We conjecture that holds already with this
particular constant c¢s. In Section 4 of [6] we prove that this is indeed the case

at least for certain FE.

4.2 Further remarks on Theorem [1.1]

For p > % inequality still holds if we add the constant function to the sums,
i.e. allow ajg 2y # 0, even though usually |[0,2) N E| < p|[0,2)].

Furthermore, Theorem is not a consequence of the fact that {h[l E |
[INE| > p|I|} is only a small perturbation of the orthogonal set {h; | [INE| >
plI|}, in the sense that

1
|hr — hilgl3 < (1 —p)|hi]3 < gH’HHg-

In order to see this, consider the following example. Assume that uq,...,u, are
orthonormal. Abbreviate u =ui + ...+ u, and fori =1,...,n set
, 1
U; = U — —U.
n
Then

1 1 & 1
i —uj||* = S llull® = = ) llul* = =
n n n

=1

but
uf + g P = lu =l =02 [luy |* + .+ [, ||

4.3 Related Topics

The starting point of this work was the following question, because its answer
could provide ideas on how to to extend the result in [3] to three general func-
tions.

Question 1. Let D be the set of dyadic intervals of [0,1). Let [0,1) = Ey U E;
be a partition. Is there a partition D = Dy U Dy such that for i = 0,1 the

equivalence
2
H E CL[h]].EinN E ||a1h11Ei
IeD; IeD;

5 (13)

is true?



We started investigating this question in Section 5 in [6]. An initial approach
to Question [I| could be to construct a partition by a majority decision: For
i =0,1 take D; s.t. for all I € D; we have

1
1N B > 5|1, (14)

However by the counterexample of Theoremfor p=2> %, this strategy does
not result in the lower bound in . Although by the majority decision
at least leads to the upper bound in . Another idea was to use the
Feichtinger-Conjecture which was recently resolved by Marcus, Spielman and
Srivastava in [4]. Based on [4], Bownik, Casazza, Marcus and Speegle proved a
quantified version of the Feichtinger Conjecture in [I]. The following theorem
is a reformulation of Corollary 6.5 in [IJ.

Theorem 4.1. Let C < § and c = € \/2(C—1)(2—-0C). Let V be a sequence
in a Hilbert space such that for all (a,)yey C R

2
1> aue|| <3 llawwl®
veV veV

Then there is a partition V = Vo U Vy such that for i = 0,1 we have
2 2
HZaUU‘ ZCZ llayv|*.
veV; veV;

Unfortunately it is not clear if Theorem can be used to answer Question
The closest consequence of Theorem in that direction that we found is
the following corollary.

Corollary 4.2. Let p> 2 and ¢ = 2—117 — 2(% -1)(2- %) Let £ C [0,1) and
E = Ey U Eq be a partition and for i = 0, 1 set

H; = {hilg, | I €D, |INE;|>p|I|}.

Then Hy U Hy can be partitioned into Gg U G; where for ¢ = 0,1 we have

H Z Ay v ’2 >c Z l|awvl|?. (15)

veEG; veG;

Theorem[I.1]can be seen as an improvement of Corollary[4.2] That is because
by Theorem the two sequences Hy and H; already satisfy with some
other constant ¢ > 0, and since Hy and H; are orthogonal to one another, also
their union satisfies , even without partitioning. And this already holds for
p> 2.
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