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Abstract

Let 0 < a < dand 1 < p < d/a. We present a proof that for all f € WP(R?) the uncen-
tered fractional maximal operator M f is weakly differentiable and ||V M f||p* < Ca,a,p ||V fllp,
where p* = (p~' — a/d)™'. In particular it covers the endpoint case p = 1 for 0 < a < 1 where
the bound was previously unknown. For p = 1 we can replace W"!(R?) by BV. The ingre-
dients used are a pointwise estimate for the gradient of the fractional maximal function, the
layer cake formula, a Vitali type argument, a reduction from balls to dyadic cubes, the coarea
formula, a relative isoperimetric inequality and an earlier established result for &« = 0 in the
dyadic setting. We use that for @ > 0 the fractional maximal function does not use certain
small balls. For a = 0 the proof collapses.

1 Introduction

For f € L{ (R%) and a ball or cube B, we denote

1
f3=@/3|f\.

The uncentered Hardy-Littlewood maximal function is defined by

Mf(z) = sup /B

where the supremum is taken over all balls that contain x. The regularity of a maximal operator
was first studied by Kinnunen in 1997. He proved in [I8] that for each p > 1 and f € W P(R%) the
bound

HVMpr < Cd,p”fop (1)

holds, which implies that the Hardy-Littlewood maximal operator is bounded on Sobolev spaces
with p > 1. His proof does not apply for p = 1. Note that unless f = 0 also ||[Mf|l1 < Cq1|f|1
fails since M f is not in L'(R9). In [16] Hajtasz and Onninen asked whether eq. also holds for
p = 1. This question has become a well known problem for various maximal operators and there
has been lots of research on this topic. So far it has mostly remained unanswered, but there has
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been some progress. For the uncentered maximal function and d = 1 it has been proved in [28] by
Tanaka and later in [22] by Kurka for the centered Hardy-Littlewood maximal function. The proof
for the centered maximal function turned out to be much more complicated. For the uncentered
Hardy-Littlewood maximal function Aldaz and Pérez Lézaro obtained in [3] the sharp improve-
ment [|[VMf| L1 @®) < ||V f]lz1(r) of Tanaka’s result. For the uncentered Hardy-Littlewood maximal
function Hajlasz’s and Onninen’s question already also has a positive answer for all dimensions d
in several special cases. For radial functions Luiro proved it in [24], for block decreasing functions
Aldaz and Pérez Lézaro proved it in [2] and for characteristic functions the author proved it in [30].

As a first step towards weak differentiability, Hajlasz and Maly proved in [15] that for f € L!(R?)
the centered Hardy-Littlewood maximal function is approximately differentiable. In [I] Aldaz,
Colzani and Pérez Lazaro proved bounds on the modulus of continuity for all dimensions.

A related question is whether the maximal operator is a continuous operator. Luiro proved
in [23] that for p > 1 the uncentered maximal operator is continuous on W1P(R4). There is
ongoing research for the endpoint case p = 1. For example Carneiro, Madrid and Pierce proved in
[TT] that for the uncentered maximal function f +— VMF is continuous WH1(R) — L*(R) and in
[14] Gonzélez-Riquelme and Kosz recently improved this to continuity on BV. Carneiro, Gonzilez-
Riquelme and Madrid proved in [8] that for radial functions f, the operator f — VM is continuous
as a map WHL(RY) — LY(RY).

The regularity of maximal operators has also been studied for other maximal operators and
on other spaces. We focus on the endpoint p = 1. In [I2] Carneiro and Svaiter and in [7]
Carneiro and Gonzalez-Riquelme investigated maximal convolution operators associated to certain
partial differential equations. Analogous to the Hardy-Littlewood maximal operator they proved
[VMf|l 1 (ray < CallVf|lL1(ray for d = 1, and for d > 1 if f is radial. In [9] Carneiro and Hughes
proved [|[VMf|[;1(z¢y < Cal| f]li1(z4y for centered and uncentered discrete maximal operators. This
bound does not hold on R%, but because in the discrete setting we have IV fllizay < Call fllnzay, it
is weaker than the still open [VMf|[;1(zay < Cal|V f[lj1(z4). In [2T] Kinnunen and Tuominen proved
the boundedness of a discrete maximal operator in the metric Hajtasz Sobolev space M. In [27]
Pérez, Picon, Saari and Sousa proved the boundedness of certain convolution maximal operators
on Hardy-Sobolev spaces H for a sharp range of exponents, including p = 1. In [29] the author
proved var M4 f < Cj;var f for the dyadic maximal operator for all dimensions d.

For a ball B we denote the radius of B by r(B). For 0 < a < d the uncentered fractional
Hardy-Littlewood maximal function is defined by

M, f(x) = sup r(B)* fp

where the supremum is taken over all balls that contain z. Note that M, does not make much
sense for a > d. For a = 0 it is the uncentered Hardy-Littlewood maximal function. The following
is the fractional version of eq. .

Theorem 1.1. Let 1 < p < oo and 0 < o < d/p. Then for all f € W' P(RY) we have that M f is
weakly differentiable with

HVNLthH(p*l—cx/ul)*1 < Cd,mp”vfnp (2)

where the constant Cqp depends only on d, a and p. In the endpoint p = 1 we can replace
f e Whl by f € BV. The endpoint result for p = d/a holds true as well.

We prove Theorem in section [2.1



The study of the regularity of the fractional maximal operator was initiated by Kinnunen and
Saksman. They proved in [20, Theorem 2.1] that eq. holds for 0 < a < d/p and 1 < p < 0.
They showed |VM,, f(z)| < M, |V f|(x) for almost every x € R, and then concluded eq. (2) from the
L' =a/d™" houndedness of My, which fails for p = 1. Another result by Kinnunen and Saksman
in [20] is that for all @ > 1 we have |[VM, f(z)| < (d — a@)M,_1 f(z) for almost every z € R%. In
[10] Carneiro and Madrid used this, the L% (¢=®)_boundedness of M, _1, and Sobolev embedding
to concluded eq. . This strategy fails for aw < 1.

Our main result is the extension of eq. to the endpoint p = 1 for 0 < a < 1 which has
been an open problem. Our proof of Theorem also works for 1 < a < d, and further extends
tol <p<oo,0<a<d/p. Wedecided to present the proof for this range of parameters here.
Our approach fails for « = 0. The corner point &« = 0, p = 1 is the earlier mentioned question by
Hajtasz and Onninen and remains open. Similarly to Carneiro and Madrid, we begin the proof with
a pointwise estimate |VM,, f(z)| < (d — )My, —1f(2) which holds for all 0 < o < d for bounded
functions. We estimate My, 1 f in Theorem and from that conclude Theorem

Define

Bo(z) = {B(z,7) : r is maximal with € B(z,r) and Mu f(z) =7 fp(2,r) }

and B, = (U, cga Ba(x). Then for almost every z € R the set B, (x) is nonempty, i.e. the supremum

in the definition of the maximal function is attained in a largest ball B with x € B, see Lemma
For f € R with —1 < o+ 3 < d this allows us to define for almost every z € R? the following
operator,

Mosf(z)=  sup  r(B)* fp. (3)
BeB,:x€B

Theorem 1.2, Let 1 <p<oocand0<a<dand f € R with0 < a+F+1<d/p. Then for all
f € WhP(R?) we have
Masfllp-1 - +ats)/a— < CaapnlVIl
where the constant Cq o g, depends only on d, o, B and p. In the endpoint p = 1 we can replace
f €Wl by f € BV. The endpoint result for p=d/(1 + a + B3) holds true as well.
We prove Theorem in section

Remark 1.3. Theorems [[.1] and [[-2] also hold for the centered Hardy-Littlewood maximal function,
with the same proof. We only need to change the following. In the centered setting denote by
M, f(x) the centered Hardy-Littlewood maximal function, i.e. for a > 0 and x € R set

M. /() = sup]i( (i

r>0
and further define
Bo(x) = {B(x,r) : r is maximal with « € B(z,r) and M, f(z) = rafB(z’,«)}

With these changes, the proof in this manuscript will work verbatim as a proof for the centered
setting. Note that also in the centered setting we define M, g f by eq. 7 but with B, being defined
via the centered version of B,(z).



There had also been progress on 0 < « < 1 similarly as for the Hardy-Littlewood maximal
operator. In [I0] Carneiro and Madrid proved Theorem for d = 1, and in [25] Luiro proved
Theorem [[1] for radial functions. Beltran and Madrid transfered Luiros result to the centered
fractional maximal function in [5]. In [6] Beltran, Ramos and Saari proved Theorem[L.1|for d > 2 and
a centered maximal operator that only uses balls with lacunary radius and for maximal operators
with respect to smooth kernels. The next step after boundedness is continuity of the gradient of
the fractional maximal operator, as it implies boundedness, but doesn’t follow from it. In [4] 26]
Beltran and Madrid already proved it for the uncentered fractional maximal operator in the cases
where the boundedness is known.

For a dyadic cube @ we denote by 1(Q) the sidelength of ). The fractional dyadic maximal
function is defined by

Ml f(@) = sup IQ)*fo.
Q:Q3x
where the supremum is taken over all dyadic cubes that contain x. The dyadic maximal operator
has enjoyed a bit less attention than its continuous counterparts, such as the centered and the
uncentered Hardy-Littlewood maximal operator. The dyadic maximal operator is different in the
sense that eq. only holds for « = 0, p = 1 and only in the variation sense, for which eq.
has been proved in [29]. But for any other a and p eq. (2)) fails because VMY f is not a Sobolev
function. We can however prove Theorem the dyadic analog of Theorem For a > 0 and a
function f € L'(R?) define Q, to be the set of all cubes Q such that for all dyadic cubes P 2 Q

we have 1(P)* fp < 1(Q)* fo.
Remark 1.4. In the uncentered setting one could also define B, in a similar way as Q.
For g € R with —1 < a+ 8 < d also define in the dyadic setting
MG gf(z) = sup  1(Q)**fq.
QEQaTEQ
Then

Theorem 1.5. Let 1 <p<oocand 0 <a<dand f € R with0 < a+ +1<d/p. Then for all
f € WhP(R?) we have

IME 5 llp-1—(1ratpy/a-+ < Caasall VI
where the constant Cq o g, depends only on d, o, B and p. In the endpoint p =1 we can replace
fewhtl by f € BV. The endpoint result for p=d/(1+ a+ ) holds true as well.

Our main result in the dyadic setting is the following.

Theorem 1.6. Let 1 <p < oo and 0 < o < d. Then for all f € WHP(R?) we have

( > (I(Q)Z_lfQ)p> < CaapllV £l

QEQq

where the constant Cq o, depends only on d, o and p. In the endpoint p = 1 we can replace
feWwWhl by f € BV. The endpoint result for p = oo holds true as well.

Remark 1.7. Note that in Theorem we restrict 0 < a < d and not 0 < a < d/p.
In section 2.2 we conclude Theorem [I.5]from Theorem|[T.6] and in section[3]we prove Theorem [I.6]



Remark 1.8. Theorem fails for « = 0. However for a = 0 and p = 1, a version with fg by
replaced by fg — Ag holds for certain Ag, see [29) Proposition 2.5].

Remark 1.9. Theorems and [1.6{ admit localized versions of the following form. For D C R¢
we set Bo(D) = U,cpBa(z) and E = (J{cB : B € B,(D)} with some large ¢ > 1. Then
Theorem [L.2] also holds in the form

”VMa,—lJCHL(p*La/d)*l(D) < Cd,a,p”Vf”Lf’(E%

Theorem [I.5] holds with the dyadic version of E and Theorem [I.6] where the sum on the left hand
side is over any subset Q C Q, and the integral on the right is over | J{c@ : @ € Q}. These
localized results directly follow from the same proof as the global results, if one keeps track of the
balls and cubes which are being dealt with. This also works for the centered maximal operator.
The respective localized version of Theorem can be proven if one has Lemma without the
differentiability assumption. Then in the reduction of Theorem [I.1]to Theorem [I.2] one could apply
Theorem to the same function f and Q, for which one is showing Theorem bypassing the
approximation step and therefore preserving the locality of Theorem This is in contrast to the
actual local fractional maximal operator, for whom Theorem fails by [I7, Example 4.2], which
works for a > 0. However if @ = 0 and p > 1 then the local fractional maximal operator is again
bounded due to [19], and by [30] for « = 0 and p = 1 and characteristic functions.

Dyadic cubes are much easier to deal with than balls, but the dyadic version still serves as a
model case for the continuous versions since both versions share many properties. This can be
observed in [30], where we proved var Mylg < Cyvar 1g for the dyadic maximal operator and the
uncentered Hardy-Littlewood maximal operator. The proof for the dyadic maximal operator is
much shorter, but the same proof idea also works for the uncentered maximal operator. Also in
this paper a part of the proof of Theorem for the dyadic maximal operator is used also in the
proof of Theorem for the Hardy-Littlewood maximal operator.

The plan for the proof of Theorem [I.1]is the following. For simplicity we write it down for p = 1.

/IVMaflﬁ <(d—a)Ts /(Ma,_mﬁ
=d(d—a)T= /OO AT L({Mg, 1 f > A})dX
0

=d(d—a)Ta /OOO ATsL( (B : B € B, r(B)* ! fz > A}) dA

<q / 7= L(B)d\
0 BeBqy,cr(B)—1fp>A
er(B)* s
= > ATT dA
BeB, "
d
1—a/d)ct—= _ a
7d BeB,
d _d_
— d—a d—a
< L o/demn ( > fBHdl(aB))
(dog)™== BeB,



d
d—a
% (X fon00)
Q€eQa

< Cgo(var f)ﬁ,
where g4 is the volume of the d-dimensional unit ball. In the second step we apply the layer cake
formula, in the forth step we pass from a union of arbitrary balls to very disjoint balls B, with a
Vitali covering argument, in the eighth step we pass from those balls to comparable dyadic cubes
and as the last step use a result from the dyadic setting.

We use a > 0 as follows. Let B be a ball and C' be a smaller ball that intersects B. Then by C' C

3B we have 3*~4r(B)* fp < r(3B)f35. Thusif r(C)* fo < 3%~ 4r(B)“ fp then C is not used by the
fractional maximal operator. Hence it suffices to consider balls C with 3¢=%(r(C)/r(B))* fc > fB.

From that we can conclude fo > 2fp or 7(C) 24 r(B). Thus for any two balls B, C' used by the
fractional maximal operator, one of the following alternatives applies.

1. The balls B and C' are disjoint.
2. The intervals (fp/2, fg) and (fc/2, fc) are disjoint.
3. The radii #(B) and r(C) are comparable.

We use this in the forth step of the proof strategy above. We use a dyadic version of these
alternatives in last step. Note that for a = 0 optimal balls B of arbitrarily different sizes with
similar values fp can intersect.

Remark 1.10. There is a proof of Theorem which has a structure parallel to the one presented
above, but three steps are replaced. The estimate |VMaf|ﬁ < (d- a)ﬁl\/{a,,lf is replaced by

|VMaf|ﬁ < (d — a)7Ta [VM, f|(Mg, 1 f)@ =, the layer cake formula is replaced by the coarea
formula [13] Theorem 3.11] and the Vitali covering argument is replaced by [30, Lemma 4.1] which
deals with the boundary of balls instead of their volume. Otherwise it is identical to the proof
presented in this paper.

/ VM, /75 < (d— a) 7= / M, (M1 f) 75

—@-wre [ L apTE
0 0« {Mqo f>A}

=(d—a)T= / / (r(By)* Y fp, )@= dHI ™ (z) dX
0 Jo.U{B:BEBa,r(B)*fg>\}

S D SR e U [ R R

BEBa,r(B)> >\

S Y (f5HY(0B)) TS

BeB,

and from there on arrive exactly as before at the bound by (var f)ﬁ. This motivates a simi-
lar replacement in the dyadic setting. Instead of proving the boundedness of [|[Ma, —1f|ld/(d—a)

Theorem [1.5] one might bound
[/ (Mo, 1 /)75 X,
0 Jo.{Maf>A}



Note that formally
[ 19Ma @) (Mo 1 7)) 755 o

is not well defined because My, 1 f jumps where VM, f is supported.

Remark 1.11. In the proof of Theorems and we do not a priori need f € LP(RY), it
suffices to have f € LI(R?) for some 1 < ¢ < p. However from ||V f||, < co we can then anyways
conclude f € L?(R%) by Sobolev embedding.
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2 Reformulation

In order to avoid writing absolute values, we consider only nonnegative functions f for the rest
of the paper. We can still conclude Theorems and [I.6] for signed functions because
|flp = fp and |V|f|(z)| < |V f(z)|- Recall the set of dyadic cubes

U{[xl,lerQ”) X .o X [xg,xqg +2"):Vie{l,...,n} x; € Q”Z}.
neZ
For a set B of balls or dyadic cubes we denote
Us=Us5
BeB

as is commonly used in set theory. By a <., ... 4, b we mean that there exists a constant Cq 4, ... 4.

that depends only on the values of 1, ...,7, and the dimension d and such that a < Cqy -, 4,0

We work in the setting of functions of bounded variation, as in Evans-Gariepy [I3, Section 5].
For an open set 2 C R? a function u € LL _(Q) is said to have locally bounded variation if for each
open and compactly supported V' C ) we have

sup{/ udive : p € CHV;RY), Jo| < 1} < 0.
v

Such a function comes with a measure p and a function v : Q — R? that has |v| = 1 p-a.e. such

that for all p € C1(Q; R?) we have
/udivg@z/g@ydu.

We denote Vu = —vp and define the variation of u by
varg u = () = [Vul 21 (q).

If Vu is a locally integrable function we call v weakly differentiable.



Lemma 2.1. Let 1 < p < oo and (uy), be a sequence of locally integrable functions with

sup ||V ||, < 0o
n

which converge to u in L{ (R?). Then u is weakly differentiable and

|Vullp, < limsup ||Vuy,|p.
n

Proof. By the weak compactness of LP(R?) there is a subsequence, for simplicity also denoted by
(tn)n, and a v € LP(RY) such that Vu, — v weakly in LP(R?) and ||v||, < limsup,, ||Vu,|,. Let
p € CX(RY) and i € {1,...,d}. Then

/uaiw=nli_{r;o/un8w= —nli_ggo/c’)iunapZ —/WP

which means Vu = v. O

2.1 Hardy-Littlewood Maximal Operator

In this section we reduce Theorem [L1] to Theorem [[.2] B

Let 1 < p < d/aand f € LP(R?). For z € R? consider the set of balls B with z € B and
M, f(z) = r(B)*fp. Recall that we denote by B, () the subset of those balls that have the largest
radius.

Lemma 2.2. Let 1 < p < d/a and f € LP(R?) and = € R? be a Lebesgue point of f. Then B, (z)
is nonempty.
Proof. Let (B,), a sequence of balls with « € B,, and
Mo f(z) = lim r(B,)"fB, -
n—oo
Assume there is a subsequence (ny)y; with r(By,,) — 0. Then fp, — f(x) and thus
« — 0,

limsup r(By, )" fp,, < f(z)limsupr(By,)
k—o0 n—00

a contradiction. Assume there is a subsequence (ny) with (B, ) — co. Then

k—o0 k—o0

limsupr(By, )" fB,, < limsupT(Bnk)aﬁ(Bnk)*lﬁ(Bnk)l_% (/ fp);
B,

1 L
= limsupo, ”T(Bnk)a_% (/ fp) ’
B

k— o0 ng
1

1 d
<o, " limsupr(By,,)* 7| fl[, =0

k—o0

since || f|l, < oo, a contradiction. Hence there is a subsequence (nj)x such that r(B,,) converges
to some value r € (0,00). We can conclude that there is a ball B with € B and r(B) = r and

ank f—= fB f. So we have
Maf(2) = i r(Bu)" f5,, = r(B)"f5-

A similar argument shows that there exist a largest ball B for which supgz, 7(B)® fp is attained. [



Lemma 2.3. For each f € L>(R?) with bounded variation M, f is locally Lipschitz.

Proof. If f =0 then the statement is obvious, so consider f # 0. Let B be a ball. Then there is a
ball C' O B with fo > 0, and for every ball D with

/o
r(D) < rg=1r(C) ( ||;ﬁm)1
we have ) e B )

That means that on B the maximal function M,, f is the supremum over all functions Ud_lro‘_d f*
1B(z,r) With 7 > 7y and 2 such that 0 € B(z,7). Those convolutions are weakly differentiable with

V(ra’df *1pr) = ro‘*d(Vf) * 1Bz

so that
|V(ro‘*df *1pem)l < r® dvar f < rg‘_d var f.

Thus on B the maximal function M,, f is a supremum of functions with Lipschitz constant 0511"8‘7‘1 var f
and hence itself Lipschitz with the same constant. O

The following has essentially already been observed in [17, 20, 23] [25].

Lemma 2.4. Let M, f be differentiable in 2. Then for every B € B, (x) we have
VM f(2)| < (d = a)r(B)*~" fz,
and if x € B we have VM, f(x) = 0.

Proof. Let B(z,r) € B,(z) and let e be a unit vector. Then for all h > 0 we have x + he €
B(z,7 4+ h). Thus

M, f(z) — M f(z + he)
h

1 : 1 a—d/ —d/
—(r f—(r+h)“ f
04 h—0 h< B(z,r) ( ) B(z,r+h)
1 1
7hmfra—d/ f- r+h‘l_d/ f
0q h—0 h( B(z,r+h) ( ) B(z,r+h) )

= — lim —(r*"4— (r + h)o‘*d)/ f

B(z,7+h)

VM, f(x)| = sup lim
e h—0

A
|
g

IN

If x € B(z,r) then since for all y € B(z,r) we have M, f(y) > M, f(z) we get VM, f(z) =0. O
Now we reduce Theorem [I.1] to Theorem [I.2] We prove Theorem [I.2]in section [



Proof of Theorem[I.]. For each n € N define a cutoff function ¢, by

1, 0<|z| <2m,
en(@) =q2-27"z|, 2" <z <27,
0, 2t < |z] < oo
Then |V, (z)| = 27" 1gn<|z|<on+1 and thus
1/ Venllp = 27" fllr (B(0,27+1)\B(0,27)) — O (4)

for n — oo. Denote f,(x) = min{f(z),n} - ¢n(z). Then by eq. we have

Tim [V full, = lim [V f, — mingf,n}Veul, = lm [nV min{f,n}l, = V], (5)

—1

Since 1 < p < d/a and f € LP(R%) we have My f € L@ —o/d""o(Rd) ¢ L (RY). Then since
Mg frn — M, f pointwise from below, M, f,, converges to M, f in Llloc(Rd). So from Lemma it
follows that

IVMafll(p-1—a/a)-1 < limsup [[VMa fal -1 -a/d)-1-
n—o0

By Lemma [2.3] we have that M, f,, is weakly differentiable and differentiable almost everywhere, so
that by Lemmas [2.2] and R4 and Theorem [[.2] we have

—1 -1
J VMg 0707 < (1 @) M (B 1

< (d— )Mo, —1full(p-1—ajay-1
goz vaTLHP’

which by eq. (b)) converges to ||V f]|,. for n — oco. For the endpoint p = d/a the proof works the
same. y

2.2 Dyadic Maximal Operator

In this section we reduce Theorem [[.5] to Theorem [[.Gl

Let 1 < p < d/a and f € LP(R?). Recall that we denote by Q, the set of all dyadic cubes @Q
such that for every dyadic cube ball P 2 Q we have 1(P)®fp < 1(Q)*fg. For z € R, we denote
by Qq(z) the set of dyadic cubes Q with x € Q and

M f(2) = 1(Q) fq.

Lemma 2.5. Let 1 <p < d/a and f € LP(R?) and = € R? be a Lebesgue point of f. Then Q,(z)
contains a dyadic cube @, with

1(Q@) = sup I(Q)
QEQa(x)

and that cube also belongs to Q,,.

10



Proof. Let (Qn)n be a sequence of cubes with 1(Q,,) — oo. Then

limsup (@)% fo, <lim supl(Qn)o‘_dﬁ(Qn)P% (/Q fp)%

n—oo n—00
1
— timsupl(@.)* 4 ([ )"
n—oo Qn
1
—timsupl( @) ([ )"
n—oo

n

) _d
<limsupl(@Qn)* 7| f|l, = 0.

n—oo

Let (Qn)n be a sequence of cubes with 1(Q,) — 0. Then since fo, — f(z) and 1(Qn)* — 0, we
have 1(Q,,)® fo — 0. Thus since for each k there are at most 2¢ many cubes @ with 1(Q) = 2* and
whose closure contains z, the supremum has to be attained for a finite set of cubes from which we
can select the largest. O

Now we reduce Theorem [I.5] to Theorem We prove Theorem [I.6] in section
Proof of Theorem[I.5. By Lemma Mi g/ is defined almost everywhere. We have

—1 —1 —1 -1
/ (M3, f(z)) @ = rasd/D 7" 4y < / Y lo@)UQ)Ffq)P ~(HetB/ DT dy
QEQa

= Z E(Q)(1(Q)a+5fQ)(p”—(1+a+ﬂ)/d)*1

QEQq

- Z Q)P fo) ~(tath)/d)~
QEQq

< (X @ sy

QEQa
<a ||vf||§)p_1*(1+oz+3)/d)_17

)(1—P(L+a+ﬂ)ﬂﬂl

where the last step follows from Theorem In the endpoint case we have by Theorem

IME 4 flloo = Sup Q)+ fo = sup Q)" fq < ( > <1<Q>ﬁ-1fQ>P> < IV £l

« & QEQOC

3 Dyadic Maximal Operator

In this section we prove Theorem For a measurable set £ C R? we define the measure theoretic
boundary by

L(B(z,r)\ E)

O.FE = {:c : lim sup i
,

r—0

B E
>0, limsupw > 0}.
r—0 r

11



We denote the topological boundary by F. As in [29, B0], our approach to the variation is the
coarea formula rather then the definition of the variation, see for example [I3] Theorem 5.9].

Lemma 3.1. Let f € L (R?) with locally bounded variation and U C R?. Then

loc

vary f = /RHd‘l(E)*{f > A}NU)dA.

Lemma 3.2. Let f € L _(R%) be weakly differentiable and U C R? and A\g < A;. Then

loc

A1
/ IV f] :/ HITHO{f > A} NU)dA.
{zeU: o< f(z)<A1} o

Recall also the relative isoperimetric inequality for cubes.

Lemma 3.3. Let @ be a cube and E be a measurable set. Then
min{£(Q N E),LQ\ E)}" ' SHT1(0.ENQ)".

We will use a result from the case o = 0. For a subset Q@ C Qg and Q € Qgy, we denote
\S = min{max{inf{)\ CL{f>ANQ)<27972L(Q)}, sup{fp: P€Q, P2 Q}}, fQ}.

Proposition 3.4. Let 1 <p < ooand f € L _(R?) and |V f| € LP(R?). Then for every set @ C Qq
we have

S UQ) T (fa = AP Sp IVHIE.

QeQ
For p =1 it also holds with ||V f]|; replaced by var f.

Remark 3.5. We have that o < 8 implies Qg C Q4. This is because for 1(Q) < 1(P), I(Q)*fo >
1(P)® fp becomes a stronger estimate the larger o becomes.

By Remark [3.5] we can apply Proposition [3.4 to Q@ = Q. For p = 1 Proposition [3.4] is Proposi-
tion 2.5 in [29]. For the proof for all p > 1 we follow the strategy in [29]. In particular we use the
following result. For Q) € Qp we denote

A = min{max{inf{)\ LH{f>ANQ) < L£(Q)/2}, sup{fp: P € Qy, P2 Q}},f@}

Lemma 3.6 (Corollary 3.3 in [29]). Let f € L{ (R?). Then for every Q € Qy we have

loc

L@Q)(fq = ) <272 3 /;P LIPN{f > A})dA

PeQo,PCQ

Note that fp > Ap implies P € Q.

12



Proof of Proposition[3.4 By Lemmas [3.2] and [3.3] we have for each P € Qp and P C @ that

T sanran<ip) [ o> apn Pyt an

;\P /\P

fp
SUP) [ HTHO{f > A nP)dA
Ap

=1(P) IV /]

zEPAp<f(x)<fp
~1(P) /Q V1L i o (2 £(2)) do

We note that for any @ € Q we have )\8 > )\% and use Lemma Then we apply the above
calculation, Holder’s inequality and use that (Ap, fp) and (Mg, fo) are disjoint for P C @,

S (@4 (e -2)

QeQ

<242y (1(@)5“1 > /;P LEf>X\NP) d>\>

QeQ PeQo,PCQ

Sy (1(Q)5_1_d/QIVf| > 1(P>1Px(>\p,fp)(x7f(x))dx>

PeQo,PCQ
I(Q)%—l—d-i-d(l—%)

/QIVfl”< > l(P)lpx(Ap,fw(x,f(@))pdx};>p

PeQo,PCQ
1
p>P

(
=Y (1(@)1[ > 1(P)P/ IVfIP

PEQ,,PCQ (z,f(x))€Px(Ap,fP)

“S QY ey / VAP

QeQ PcQo,PCQ (z,f())€PX(Xp,fP)

VP> Q)P

/zeP:f(x)E()\nyP) QeQ,QOP

< i
20 — 1 Peos /ggepzf(x)e(xmfp)

1
< P,
<o [IV1

For p = 1 with var f instead of |V f||1 we do not use Lemma or Holder’s inequality, but
interchange the order of summation first and then apply Lemma [3.1] O

For a dyadic cube @ denote by prt(Q) the dyadic parent cube of Q.

Lemma 3.7. Let 1 < p < d/a and f € LP(R?) and let € > 0. Then there is a subset Q, of Q,
such that for each Q € Q, with 1(Q)“fg > € there is a P € Q, with @ C prt(P) and fgo < 2¢fp.
Furthermore for any two Q, P € Q, one of the following holds.

13



1. prt(Q) = prt(P).
2. prt(Q) and prt(P) don’t intersect.

3. fo/fr & (274 29).

Proof. Set Q9 to be the set of maximal cubes Q with 1(Q)®fg > e. For any dyadic cube Q with
Q) fo > € we have

s [ p<uar i ([ ) <@,

which implies
(Q) < (Ifllp/e)® ~/. (6)

Hence

U =HQ € Qu:1(Q)* fo > ¢}

Assume we have already defined QZ Then define Qg“ to be the set of maximal cubes Q € Q,
with
fo>2¢ sup Ip. (7)
PcOn:QCprt(P)

Set 0, =QQUQLU....

Assume there is a cube @ with 1(Q)*fo > € such that for all P € 9, with Q C prt(P) we
have fg > 2¢fp. Then by eq. @ there is a maximal such cube Q). Furthermore there is a smallest
P € Q, with Q@ C prt(P) and an n with P € Q". But then @ is a maximal cube that satisfies
eq. , which implies @ € QZ"’H a contradiction.

If for Q, P € Q, neither item nor item holds, then after renaming we have prt(Q) C prt(P).
Then P has been added to Q,, before Q, and since Q C prt(P) this means fo > 24 fp. O

Lemma 3.8. Let 1 < p < oo and f € WHP(R?) and let € > 0. Let @ C Qp be a set of dyadic
cubes such that

1. for each @ € Q there is an ancestor cube p(Q) 2 Q with 1(p(Q)) < 1(Q)/e and fq > 2° (@),

2. and for any two distinct Q,P € Q such that p(Q) and p(P) intersect we have fo/fp ¢
(27¢,2¢9).

Then

=

<Z (1(@)5-1@1”) < V-

QeQ
The endpoint p = oo holds as well.

Proof. We divide into two types of cubes and deal with them separately. Denote

Q- ={QeQ:L({f>2"f}NQ) < 2772L(Q)},
9, ={Qe Q:L({f>2"fu}nQ)=2772L(Q)}.

14



Let @ € Q_ and recall )\8 from Proposition H Then since

sup{\: L({f > A} NQ) <2772L(Q)} < 27 o,
sup{fp: P€Q, P2Q} <2 fg

we have
fo=23 =1 -2"")f,.
Since @ C Qg we conclude from Proposition [3.4

S (@F o) <2 3T (UQ)F (o A9)) Sew IVAIE.

QeQ_ QeEQ_

Let Q € Q4 and A\ > 2_28/3]‘@. Since by item [1| we have 25/3fp(Q) < 2_2‘5/3]‘627 we obtain from

Chebyshev’s inequality
LP@Q) N{f>A}) <272L(p(Q)).

Since @ € 94, for A < 2*5/3]‘@ we have

279720 (p(Q)) < 2772L(Q) < LIQN{f > A}) < L(p(Q) N{f > A}).

So for all 272¢/3 fo<A< 2-¢/3 fq we can conclude by the isoperimetric inequality Lemma and

eqs. and @D that

HEHOAS > AN p(Q) Z min{L(p(Q) N {f > A}, Lp(Q)\ {f > AN}
(L(p(Q)) min{e?27772,1 — 27</3})d =1
(p(@)* .

Thus for each @ € Q4 by Lemma [3.2) and Holder’s inequality we have

> (L
Ze L

2—5/3fQ

27°/3 fq
/2 1(p(Q)* X <. / HEHD.(f > A} Np(Q)) dA

725/3‘)('@ 2725/3fQ

B / Vi
zep(Q):f(x)e(2-2¢/3,2-¢/3) fq

—d
Sl(p(Q))d v / |V fIP
z€p(Q):f(z)E(2-22/3,2-¢/3) fq

|~

P

Now we use item 2] and conclude

> (1@F ) Ser > (10(@)F i)

QEQ QEQ L

<o S0 (1(p(Q))5‘d /

Q€Q+ 2—25/3fQ

p

273 fg

(@) d/\>

<

~E,P

VTP

Geo. /QCEP(Q)Zf(x)E(Q25/3725/3)fQ

15



< [1vsp.

For p = 1 with var f instead of ||V f]1 we use Lemma instead of Lemma and Holder’s
inequality. For p = oo let @Q € Q. Then by the Sobolev-Poincaré inequality we have

19 1o > 19 e i@y = 1p(Q)) 4" / bl

p(

Zl(Q)dlﬁdH/QU—fp(Qﬂ

V

> 1(Q)~ et /Q f— Fyo

Q) 'e™ (fo — fua)
Q) 'e™ (1 -27%)fq.

Y

O

Proof of Theorem 1.6 Let € > 0 and Q, be the set of cubes from Lemma Let Q € Q,.
Then there is a P € Q, with @ C prt(P) and fo < 2%fp. Then fo < 4dfprt(p). Thus since
1(Q)* fq > 1(prt(P)) fort(p) We have 1(Q) > 4=4/](prt(P)). Thus for each P there are at most c,
many Q € Q, with @ C prt(P) and fo < 2¢fp. We conclude

> (@) s Y > (@7 fe)"

QEQ NQ)*fo>e PeQ, QE€Qq, QCprt(P), fo<2¢fp

Sap Ca Z (I(P)%ilfP>p~

PcQ,

For each dyadic cube P € {prt(Q) : Q € Qa} pick a @ EA@O‘ with P = prt(Q) such that for all
Q' € Q, with P = prt(Q’) we have for < fo. Denote by Q, the set of all such dyadic cubes Q.

Then
S @ir)' s Y > (@)

Qeg, Pe{prt(Q):Q€Qa} QEQq:P=prt(Q)

< X Y Y (@)

Pe{prt(Q):Q€Qa}  QEQq:P=prt(Q)
d_ P
=2 3 ((Q)F o)
QeQ,

We want to show that Lemma applies to O, with p(Q) = prt(Q). Since 90, C Q. we have
9, C Q by Remark |3.5, and item |1| follows from fgo > 2%f,.¢(q). For item [2|let Q, P € 9, be
distinct such that prt(Q)) and prt(P) intersect. Since we have prt(Q) # prt(P), Lemma implies
fo/fp & (27%,29). Thus by Lemmawe have

203 ((Q)* 7 fa)” Saw IV
Q€eQa
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We have proven for every € > 0 that

4_q p< P
> (@) Sew IV
QEQa Q)™ fo>e

with constant independent of €. So we can let ¢ go to zero and conclude Theorem
For the endpoint p = oo let @ € Q4. Then we use fi(Q) < 27%fq and copy the proof of the
endpoint in Lemma with p(Q) = prt(Q) and € = 1/2. O

4 Hardy-Littlewood Maximal Operator

In this section we prove Theorem

4.1 Making the balls disjoint

Lemma 4.1. Let 1 < p < d/(1+a+p3) and f € LP(R?) and let ¢ > 0. Then for any ¢; > 2,co > 1
there is a set of balls B C B, such that for two balls B,C € B we have ciBNeC =0 or
fo/fs & (c3', ¢a), and furthermore

/ Ao s/ g (| (B € Bo i r(B)*H f5 > A}) dA

€

SeBipcrica (Z (r(B)%*lfB)

p> (1-p(1+a+p)/d)~*
BeB

Proof. Let B € B, with r(B)**?fg > ¢. Then
1
e < 1(B)* fp <r(B)*PL(B) " L(B) / ) <o By g,
B
which means that r(B) is bounded by

K = (o, 7 fllp/) e,

Define B® = {B € B, : 7(B) € [1/2,1]K}. Then for all B € B we have that r(B)® fp is uniformly
bounded. Inductively deﬁne a sequence of balls as follows. For By, ..., By_1 already defined choose
a ball By, € B° such that ¢, B}, is disjoint from ¢1Bq, ..., c1Bi_1 and which attains at least half of

sup{fp: B € B, c;BN(c1ByU...Uc1Br_1) = 0}

if one exists. Set B0 = {By, B1,...}. Then for all B € B° we have that c; B intersects [ J{c1B : B €
B0}, Define
= {B e B,:3C e BY B C 5¢1C, fB < Cgfc}.

Then B° ¢ B9. We proceed by induction. For each n € N define

={BeB.,\(B°U...UB"1):r(B) € [1/2,1]27"K },

17



as above greedily select a sequence B" of balls B € B" with almost maximal fB such that for every
already selected C' € B™ we have c;BNc;C = (), and define

B ={BeB,:3C €B" BC5cC, fg<cafo}.

Note that we have B® C B". Finally set B=BUB'U.... For C € l; we denote
Ucn={B € Bs: B Cb5c1C, fg < eafc,r(B)* ™ fp > A}

Let A > ¢ and B € B, with r(B)**tP fg > X\. Then there is an n with B € B", and hence a C € Br
with B € Uc,». Let C € Band B € Uc,y. Since B € B, we have

r(B)* fg > r(5¢1C)* fse,c
which implies
r(B) 2 r(510)(frerc/ f8)"* 2 (Ber)' =,/ 1 (C).
Since 7(B) < 5¢17(C) it follows that

s 5 | (5er)?, B =0,
T(B) < T(C) {(561)5—dﬁ/(165/a7 ﬁ <0.

Together with
r(B)*fp < (5eir(C))*eafc

we obtain
r(B)*P f5 < c3r(C)* P fc,

where

P (5cl)a+ﬁc27 5 > Oa
3 (5cl)a+ﬂfd3/acé+5/a, B <0.

Thus Uc,y is only nonempty if
A< C3’/‘(C)a+ﬁfc.

We can conclude

/ A<P—1*(1+a+ﬁ)/d)_1*1£(U{B € By :r(B)* P fp > A}) dA

g

_ /Oo A(p717(1+06+5)/d)7171£( U UUC“\) d

CceB

<> /Oo )\(1’_1*(1+a+6)/d)‘1*1£(u UC,A) dA

ceB

car(C)* P fe B

s [ g e

ceB’°

esr(C)* P e .

< Z(Scl)dﬁ(C)/ AP =(atp) /)T -1 gy

CeB ©
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(' =(+a+B)/d) !

<(fp=(+atB)/d) Y (5e) ' £(0) (esr(@)* o)

ceB
- (l+a = a_ (™' =(tatp)/d)7!
= (1/p= (L4 a+B)/d)Ba)d D, S (r(e) o)
ceB
(1=p(1+a+p)/d)~"
s LW
< (1p— (L+a+B)/d)(5e)’ey ~Ferd/D w(Z(r(cﬂ lfc))
ceB

4.2 Transfer to dyadic cubes

In this subsection we pass from disjoint balls to dyadic cubes and then conclude Theorem [.2] using
a result from the dyadic setting.

Remark 4.2. There are 3¢ dyadic grids D1, ..., Dsa such that each ball B is contained in a dyadic
cube Qp € D =Dy U...UDsu with (Q) < r(B).
Lemma 4.3. Let f € LL _(R?). Then for each B € B, we have fg, ~ fg and 1(Qp) ~ r(B).

Proof. Let = be the center of B, and (Jp be the cube from Remark and C' = B(z,Vd1(Q)).
Then 7(B) ~ 1(Qg) ~ r(C) and fg S for, S fo. Since B € B, we also have r(C)* fo < r(B)* fr
and therefore conclude fq, < fo S fa. O

Lemma 4.4. Let f € L} _(R%). For each « > 0 and B € B, and cube P O Qp we have
I(P)*fp Sa l(@B))" fo5-

Proof. For z the center of B define C = B(x,vd1(P)). Then from fp < fo and r(C)*fo <
r(B)*fp and fp S fop we obtain I(P)*fp Sr(C)*fo <7m(B)*fB Sa U Q@B)" for- O

Proof of Theorem[I.3 For B € B, denote by Pgp the cube largest that attains maxp-¢q, fp. Then
Pg € Qo and by Lemmas [4.3 and [£.4 we have 1(Pg) ~4 r(B) and fp, ~q fp. By Lemmal[d.4] there
further exists a cube p(Pg) D Pp with fy(p,) < fp,/2 and 1(p(PB)) So U(PB).

Let £ > 0 and let B be the set of balls from Lemma By Lemmas and there are
c1,¢o such that for any two distinct B,C € B we have that p(Pg) and p(Pc) are disjoint or

Ips/fre € (1/2,2). Define @ = {Pp : B € B}. By the layer cake formula and Lemmasand

we have

/ (M o )P —(rotB) /)
=@ ' = (+a+B)/d? / AP (et B/ DTS LN, 5 f > M) dA
0

=pt-(Q+a+p8)/d)? 1%/ AP =(tatp)/d)” —1£(U{B € By :1r(B)* P fp > A}) dA

iy, ) TPOrerd/aT
oy I 30 (r2)¥ 1))

BeB
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~a,3,p M ( Z (I(Q)%ilfQ

o\ (1=p(+a+8)/d)
e—0 ) > '

QeQ

For each i = 1,...,3% we apply Lemma to @ ND; and obtain

S (@) = X (@F a) Sass IV

QeQ i=1 QeQND;

For the endpoint p = d/(1 + a + ) we use [|[Ma,sf|loc = suppep, 7(B)* P fp. Let B € B,.

Then fop < 27%fp and we have by the Sobolev-Poincaré inequality

(14+a+pB)/d
IV fllasatats) > ( /2 N |V £/ “*a*ﬂ))

> p(9B)oTA—d —

> r(2B) / 1~ fusl

> 2a+ﬁ_dT(B)a+ﬁ_d/ If — faB]
B

> gectBdy(g)ati=d / (f = fo)
B

= 02°T~ 4 (B)* P (f5 — fop)
> 2 dn(B)*B(1 - 97
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